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Introduction

Numerical analysis is a branch of mathematics concerned with obtaining
approximate solutions to mathematical problems that cannot be solved ana-
lytically. Many problems arising in science, engineering, and technology are
formulated as operator equations, making approximation techniques essen-
tial for eficient computation. A fundamental concept in this area is that of
a well-posed equation. According to Hadamard, an operator equation is said
to be well-posed 1if it satisfies three important properties: the existence of a
solution, the uniqueness of the solution, and the continuous dependence of
the solution on the given data. These properties ensure that the problem
is mathematically meaningful and that small changes in the input produce
only small changes in the solution, leading to stable and reliable numerical
computations.

When exact solutions are difficult or impossible to obtain, approximation
methods are used to construct simpler problems whose solutions converge
to the exact solution. The effectiveness of these methods depends on im-
portant concepts such as convergence, stability, norm approximation, and
norm-square approximation, which ensure the accuracy and reliability of nu-
merical algorithms. This project studies the theory of well-posed operator
equations and their approximations by introducing the basic concepts of func-
tional analysis and examining the convergence, stability, and approximation
of bounded linear operators. These concepts provide a rigorous mathemat-
ical foundation for developing eflicient numerical methods widely used in

scientific computing and engineering applications
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Chapter 1

Preliminaries

1.1 Basic Concepts and Definition

Definition 1.1.1 A linear space (or vector space) over a field F (where
F =R or C) is a non-empty set X together with two operations, namely
vector addition and scalar multiplication, satisfying the following axioms for

all z,y,z€ X and a, B € F:
1. e4+y=9+zx
2. (z+y)+z=z+y+2)
3. There exists an element 0 € X such that x +0 =2z

4. For every x € X, there exists an element —x € X such that x4+ (—x) =

0
5. alxr+y) =axr+ ay
6. (a+ PB)xr =ax+ Pz

7. a(Bzx) = (af)x
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8. 1lx = z, where 1 is the multiplicative identity in F.

Example 1.1.1 The set R" with the usual vector addition and scalar mul-

tiplication 1s a linear space over R.
Definition 1.1.2 Let X be a vector space over R or C. A function
I+ '- X — [0, 00)

is called a norm on X if, for every x,y € X and every scalar «, the following

properties hold:
1. Positive definiteness:
|lz|]| =0, and|z||=0 <= =0

2. Homogeneity:

loaz|| = |af |||

3. Triangle inequality:
|z +yll < ll=fl + [y

A wvector space equipped with a norm s called a normed vector space (or

simply a normed space ).

Definition 1.1.3 A normed linear space is a vector space V' together with a

norm || - || such that for all z,y € V' and any scalar a,
1. Non-negativity:

lz][ 20, [lz]|=0 <= z=0
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2. Homogeneity:

laz|| = |af [|z]
3. Triangle Inequality:

lz 4yl < [lzf| + [|y]

If these three properties hold, then (V. ||-||) is called a normed linear space.

Example 1.1.2 Euclidean Space R*
Let

V=R={(z,y): z,y € R}

Define the norm by

Iz, )l = Va2 +y?

Definition 1.1.4 Banach space is a complete normed linear space,i.e.,a
normed linear space in which every Cauchy sequence converges to an element

of the same space.

Definition 1.1.5 Let X and Y be linear spaces over the same field F. A

mapping
T X ~»Y

is called a linear operator if, for all x,y € X and o, 3 € F,
T(az + By) = oT'(z) + BT (y)
Example 1.1.3 Define T : R? — R? by
T(x,y) = (2x —y, =+ 3y).

Then T is a linear operator.
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Definition 1.1.6 Let X and Y be normed linear spaces. A linear operator

IT' - X—->Y

is called a bounded linear operator if there exists a constant M > 0 such

that
ITz] < Mljzl, VzeX

The set of all bounded linear operators from X into Y is denoted by

B(X,Y)={T: X =Y : T is a bounded linear operator}

If X =Y, we write
B(X) = B(X,X)

Definition 1.1.7 Let X and Y be normed linear spaces, and let T : X — Y

be a bounded linear operator. The norm of T, called the operator norm, is

defined by
1] = sup{||Tx| - [|z]| <1}

Equivalently,

Tf
7] = sup 1T
w20 || Z]]

Definition 1.1.8 LetT : X — Y be a linear operator. The range (or image )
of T' is defined by
RT)={Tzx:z € X}

That 1s,R(T") is the set of all images of elements of X under the operatorT'.
Let T : X — Y be a linear operator. The null space (or kernel) of T is
defined by

N(T)={ze€ X : Tz =0}

That is, N(T') consists of all vectors in X that are mapped to the zero vector
oot o
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Theorem 1.1.1 (Uniform Boundedness Principle) Let X be a Ba-
nach space, Y be a normed space and F be a subset of BL(X,Y) such that
for each x € X, the set

{F(z): F € F}

is bounded in Y. Then for each bounded subset E of X, the set
{F(z):2€ E, F € F}
is bounded in Y, that is, F 1is uniformly bounded on E. In particular,
sup{||F|| : F € F} < o0
Proofl. Porm=1,2...., let
D, ={x € X : |F(z)|| > n for some F € F}

For each F € F, the function z — ||F(x)|| s continuous on X, so that the
set

{xre X :||F(z)| >n}

is open in X. Since D, is the union of all these sets, it follows that D,, 1s
open in X. Let x € X. Then, by hypothesis, ||F(x)|| <n for all F € F and

some positive integer n, that is, x & D,,. Thus

ﬂDn=_®

n=1

Consequently,

(1 Ds=X

n=1

Since X 15 a Banach space, Baire’s theorem implies that some D), must not

be nowhere dense in X. Then there exist a € X and r > 0 such that

U(a,r) C DE,

0
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that is, 1f y € X and

|y —all <
then

|F(y)|]| <m forall F € F.

Theorem 1.1.2 (Squeeze Theorem) Let a,,b,, and c,, be three sequences

of real numbers such that there exists N € N for which

a, <b,<c, Yn>N

— m—— )

and if
lim.gsz= hm g, =L,
n—0o0 —F 00
then
lim b, = L
n—00

Definition 1.1.9 Let X be a Banach space and let X,, be a subspace of X.

A bounded linear operator

P, € B(X)

i1s called a projection onto X,, if

and

Equivalently,
2
P” == Pﬂ'.l

Definition 1.1.10 Let X and Y be normed linear spaces and let

' X—=Y
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be a linear operator. The operator T is said to be a compact operator
if for every bounded subset E of X, the set T(E) has compact closure in
Y. Equwvalently, T is compact if for every bounded sequence {x,} in X, the

sequence {1z, Y has a convergent subsequence in Y .
{q n g q

Example 1.1.4 Let X = (2, and define the operator T : {? — (% by

Ty I3 I'n )

Since % — 0 as n — oo, the sequence of coefficients tends to zero. Hence,
the 1mage of every bounded sequence under T’ has a convergent subsequence.

Therefore, T 1s a compact operator.

Theorem 1.1.3 (Neumann Series Theorem) Let X be a Banach space

and let T' € B(X) be a bounded linear operator. If

17 < 1,

then the series

iT’*:HTJrTEJr---

n=I{)

converges in the operator norm to a bounded linear operator S. Moreover,

(I -T)"' = i:r“

n=[)

Hence, I — T s invertible

Proof. Since ||T'|| < 1, we have
" < 1T]", n=0,12,...

Hence,

] o0 1
I < ) _ITI" = < 00
2 2 1L — |||

n=() nn=()
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Therefore, the series

>

n=()

converges absolutely in the Banach space B(X) of bounded linear operators.

Let

ri=()

Consider the partial sums
Sn=I+T+T°+---4+T"

Then

(I_T)Snz(I—T)(I+T+--._|_T“)=I_Tn+l

Since

1T < |IT|I" — 0 as n — oo,

taking limits gives

(I-T)S=1I

Similarly,

S —T)=d —I%F,
and letting n — oo, we obtain
S(UI-T)=1

Thus,
(I-T)YS=5I-T)=1,

which shows that S is the inverse of I — 7. Hence,

(I-T)'=8= iT”

Therefore, I — T is invertible with inverse given by the Neumann series.

9
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Chapter 2

Well-Posed Equations

2.1 Well-posed equations

Definition 2.1.1 The operator equation
L=

s said to be well-posed if

IT' - X—->Y

is a bounded linear operator between the normed linear spaces X and Y such

that T' 1s bijective, and
e ¥y X

15 continuous.
Example 2.1.1 Consider the Fredholm integral equation of the second kind
1
z(s) — —f 2t = 1, s €10, 1]
0

Define the operator
K :C|0,1] — C]0,1]

10

G Scanned with OKEN Scanner



by

(Kx)(s)= —j{; x(t) dt

Then the equation can be written as
(I - K)'T — f:

where

Take any x € C[0,1|. Then

(Kz)(s) = % A o(t) dt

Taking absolute values,

Since

|(2)] < [|]]oo,

for every t,

i 1
5 [ |z@)]dt < S|zl
0
Hence,
1
(Kz)(s)] < 5l
Therefore,
1
Kl|l<-=-<1
1K < 5 <
11
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Since | K|| < 1, the Neumann Series Theorem implies that [ — K s invertible

and

I-K)'=I+K+K*+K°+---=) K"

Moreover,

1
(I = K)7 <
1—||K]|
Since I — K has an inverse, the equation
(I—K)x=f
has the unique solution
z=I-K)f

Also,

lzll = I(Z = K)7* £

Since (I — K)™' is a bounded linear operator,

I = K)7fIl < I = K)H A

Hence,

lzll < (2 = K)~ I £

Therefore, small changes in the data f produce only small changes in the

solution x. Hence, the solution depends continuously on the given data.

12

n=I()
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2.2 Convergence

Consider an approximation method
A= {(Xﬂ:'}/;l:'Tﬂt yn) :nc N}

where X,, C X and Y,, CY and T}, : X,, — Y, is a bounded linear operator

and y, € Y, for the operator equation
1=y

is said to be convergent if, for all sufficiently large n, the approximate
equation

Tn-'rn = Un

has a unique solution z,,, and
Tn —> T as n — oo,
where z is the unique solution of the operator equation Tz = .

Definition 2.2.1 Stable
A sequence (T,) in B(X,Y) is said to be stable with a stability index or
simply an index N € N, if

(a) (||T,.||) is bounded,
(b) T, is bijective for alln > N, and
(c) {IIT; | : n> N} is bounded.

Proposition 1 Suppose there exists N € N such that T, is invertible in
B(X.,Y) for alln > N and

”(T = Tn)TH — 0 asn— o

13
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for every x € X. Then the following holds:
(DIf {||T |} >N is bounded, then T is injective.

(ii)If y € Y is such that (T, 'y) converges, then y € R(T).

In particular, if (T,) is stable,

(T —-T,)zx|]| =0 asn— oo

or every x € X, and (T 'y) converges for everyy € Y, then
T

Te=49
s well-posed.

Proof: (i) Assume Tz = 0
Take some £ € X such that Tz =0

Since T, is invertible,

Taking norms,

|z]l = T, Tz

And since Tz = 0,

T3 = (L~ T)E

So,
|zl| = || T (T = T)z|| < | T7H (T — T

Assume ||T7}|| < C for all n > N. Then
=] < C|[(To —T)z|

But

(T, — T)z|| — 0 as n — 00

14
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So.

]| =0

Hence . = (0
(ii) Since

(T —Tyh)z|| = 0 Vz

= Ter—3Tr ¥z

Then by the Uniform Boundedness Principle, there exist b > 0 such that

1T <b Vn

Let y € Y be such that (T, 'y) converges. Assume T, 'y -z Vaz

Since y = T,,(T y),
Y —Taz =TT y) — Taz

y—To(z) =T.(T,, 'y — =)
Taking norms,
ly — Tu(2) || = | Tn(T, 'y — )|
<NITllT 'y — =]
Since ||T,,]| < b and T 'y — z, we get
ly = Tn(z)]| =0

Ta(z) =y

But we have T,,x — Tz Therefore,
g=Td=z

Hence y € R(T)

15
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Theorem 2.2.1 Suppose (T),) is stable with the index N € N. Let x,, be the

unique solution of

TnIn — Un

forn > N. Then for any x € X,
El”ﬂzm o yn” i: ”11 T mn” {_: ":E”THI o yn”

where ¢; and ¢y are positive real numbers such that

1
ITn)| £ — and ||T, | < ca Vn > N.

1

If, in addition, x € X and y € Y are such that
an =T -Th)z+(y—y)ll —0  asn— oo,

then

Th >+ T & Tz=y,

and 1n that case,

an = || Taz — yn|
Proof. Let n > N. Since z,, is the unique solution of the equation
Tnmn = Un,

we have

ﬂz(iﬂ == *In) =Tz — Un

Since T, is invertible,

L — Lp = T_l(TnI = yn)

T
Taking norms,
|z — zull = |1, (Taz — yu)l| < 1T, | 1Tz — yal|

16
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Since ||T7}] < e,

|z = za|| < 2| Tnz — yal

From equation

ﬂlﬂj — Yn = Tn(m — -'I:n)

Hence,
|Toz — ynll = [|Tn(z — za)|| < |10l |z — 4]
Since
1
1
we get,
1

[Toz — yul| < —|lz — 2n,
C1

or equivalently,

eil| T — || < |l — 24

Therefore,

l|Toz = ynll < [l = zn|| < cof| Tnz — ya

This implies that

T, = T <= ||Thx — ya|| = 0

Define
an = (T —T.)x + (yn — v)||

We can see that,
(T - Tﬂ)ﬂ: T (yn — y) = (TI - y) — (Tnx — yn)

Hence,

o, > 0<=T,r—y,—>Tr—vy

Since «y,, — 0, it follows that
Tt — Yy > 0=Tz—9y=0

L
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Therefore,

Th— 2= Tr=y

If Tx =y, then

Op = ||(T = Tn)zﬁ A3 (?f'n <= y)” — ”(T-T = y) = (Tﬂm = yﬂ)” = ||Tn£ = ?f'n”

Corollary 2.2.1 Suppose T is bijective and (T),) is stable with index N € N.

Let x be the solution of

1 =,

and x,, be the solution of

Tnmn = Un, n > N.

Suppose further that

Yo =y and (T'—T,)x—0 as n — 00
Then
a, = |[|Thx —yn|| = O as n — 0o,
and
o, < ||z — z,|| < eay, Vn> N,

where ¢1 and ¢z are positive real numbers such that

1
IT| < —and [T, <, Yn>N
(84
In particular,
Tp — T as n — oo
Proof. Since
Tz =y, Thxn = Yn,
18
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we have

T;rl(ir — :Eﬂ) - Tﬂ:"—"“ — Yn

Hence,

r — T, — Tﬂ_l(Tnlﬂ = yn)
Taking norms on both sides,
Iz — zall < T 1 1Tz = yall = 1T [l

Since (7),) is stable,

|71l < e

we obtaln

|z — zn|| < c2am

For the lower estimate, we can see that

Inx — Un = T;;.,(:t: T -Tn)

Therefore,
an = ||Tn(z — zn) || < [| T2 |z — 2|
Since
1
Tl < —,
1
it follows that
1
ip {—i _Hi: T Iﬂ”‘.ﬂ
C1

C10p E ||$ T :En”
We have

Qn = ”T*:*L-T == yn” — ||Tﬂ$ — L+ — yn“

19
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Using the triangle inequality.,
an < (T — T)z|| + |lyn — vyl

Since

(T—T,)zr—0 and vy, — v,

implies that

a,, — 0

Combining the inequalities,
10y < ||z — || < caa,
and using the fact that o,, — 0, the Squeeze Theorem implies
|z — z,|| = O

Hence,

Theorem 2.2.2 Assume that (T),) is stable with index N and let x, be the
solution of

Tnxn — Un

for all n > N. Then for any x € X,
|z = 2n|| < [lz = Poz|| + | Ta Pux — ynl|,
where ¢ > ||T7Y|| for all n > N. Further, if t € X and y € Y are such that
G = |[(TnPr = T)x + (Y — yn)|| = 0
and P,x — x as n — oo, then
B g =0 =4,
and in that case, &, = ||T,,Pox — yn||

20
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Proof. Since z,, is the solution of
ToZn = Yn,
and P, : X — X, 1s a projection. For x € X, we have
r—x, = (x — Pyx)+ (Pyx — x,)
Since T), is invertible,
Py —g, =TT Ban— ) =T T Par—1k)

Therefore,
3 — By = (£ — o) + T (T Paz — 1) (1)

Taking norms,

|z — 24| = ||(z — Puz) + T (T Paz — yn)|

IA

r— P,z|| + TQI(THPHJ: — Yn) ‘

IA

r — Byz| + Tn_lH | T Prx — ynl|

Since (7),) is stable,

ez T,

and hence

|z = zn|| < |z = Paz|| + ¢ || T Paz — yn|

Now suppose

"in — ”(Tnpn = T)I =+ (y _yﬂ)H — D'.u

and

P.rx—x

We know that,

TnRLI: Uy — (TnPu T T):E 5 2 (y = yﬂ) & (TI = y)

21
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Hence,

T.Prx—vy, — Txr—vy

Using (1),
L — dIn = (:"-’“ == Pn,ﬂ:) o Tn_l(TﬂPﬂm = y”)

Since (T,,) is stable, the sequence {7, '} is uniformly bounded. If

Tz =y,

then
I.P,x—vy, — 0

Also,

P.r—x
Hence,

Tp — &
Conversely, if

I-'ﬂ 4} " A

Then from (1),

P”_:I: = -.Tn 4} []n_,

because

P.r—2x

Therefore,

T,Px—vy,=1T,(P,x—x,) —0.

since the operators 7, are uniformly bounded. But we already know that

1T.Px—vy, — Txr—y

22
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Hence,

Tr —y=0,
that is,
L=
Thus,
Ty — T < Tr = Y
When Tz = y,
(TnPn — T)I T+ (y — yn) e TnPnir — Yn,

so that

an = || TP — yn|

Corollary 2.2.2 Suppose T is bijective and (T},) is stable with index N. Let
x be the solution of

TiH=uy

and x, be the solution of

Tnmn — Un

for all n > N. Suppose further that
Yn =V, P,x — . (TP, —T)x — 0
as n — 0o. Then
|z — zal| < |z — Paz|| + ¢f| T Paz — ynl;
where ¢ > 0 s such that ||T|| < ¢ for alln > N. In particular,

Iy 7+ I as L — 0.

23
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2.3 Conditions for Stability

In this section we discuss some sufficient conditions on the approximation

properties of the sequence (7},) of operators which ensure its stability when

X,=Xand VY, =Y. A simplest assumption that one may impose on (7,
n n P P ) P n

would be to have pointwise convergence, that is, for each z € X,

\Tx — T,z|| — 0 as n — 00.

In that case, we also say that (7},) is a pointwise approrimation of T', and

write

T, — T pointwise.

Moreover, if (7)) is a pointwise approximation of 7', then by the Banach-

Steinhaus theorem, the sequence of operator norms (||7,,||) is bounded.

Example 2.3.1 Suppose T € B(X,Y), and (P,) and (Q,) are projection
operators in B(X) and B(Y), such that for each x € X and y € R(T),

P.x = x and Qp,y—vy as n — oQ.

Then we have
|TPaz — Tz|| = || T(Pazx — z)|| < ||IT| || Paz — z]| — 0,

and

|QnTx —Tx|| — O

as n — oo for every x € X. Thus, (TP,) and (Q,T') are pointwise ap-
prozimations of T. Suppose, in addition, that (||Q.||) zs bounded. Then we

have

|@nTPox — Tx|| < [|Qu(TPox — Ta)|| + ||@uTz — Tzl

24
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< |N@ullITPz —Tz| + [|@uT2 — Tz|| — 0

as n — oo for every x € X. Thus, in this case, (Q,TP,) is also a pointwise

approrimation of T .

20
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Chapter 3

Norm Approximation

3.1 Norm approximation

Definition 3.1.1 A sequence (T},) in B(X,Y) is called a norm approxi-
mation of T if

\T —T,|| — 0 as n — oo.

If (T},) is a norm approximation of T, then we may also say that (T,) con-

verges to 1" in norm, and write

11 TLOTTTL.

Remark 3.1.1 We may observe that if

T: X - X
s of the form
T=MN-A
26
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for some nonzero scalar A\, and if (A,) mn B(X) is a norm approximation of

A € B(X), then taking
T, =\ — A,.

we have

IT — Tl = |A— Aun|| — 0 asn — oo.

Remark 3.1.2 Let X be a normed linear space, Y be a Banach space and
T : X —Y be a bijective linear operator with T~ € B(Y,X). If E: X —-Y
is a linear operator such that ET~' € B(Y) and |[ET|| < 1, then T + E is
bijective, (T + E)~' € B(Y, X) and

17|
L —[[ET

(T +E)7| <

Theorem 3.1.1 Suppose T is byjective and (T),) is a norm approximation of

T. Then (T),,) is stable.

Proof. For n € N, let

T, =T+ E,,
where
E,=T,—-T
Since 7,, — T in norm,
T — T — 0,
that is,
|E,|]| — 0.
Hence,
|E,. T~ — 0,

because T ! is bounded. Since
|E.T~"|| — O,

27
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there exists N € N such that

for all n > N Let X be a normed linear space, ¥ be a Banach space, and

T : X — Y be a bijective linear operator with 7' e B(Y, X). f E: X - Y

1
”EHT_l” E P
2

is a linear operator such that E7~! € B(Y) and

then T+ E' is bijective,

and

Now, since

we have

Therefore,

Thus,

is bounded.

(T + )7 < -

IET™ <1,

(T+ E)~ ' e B(Y, X)

)

17—

T
T_l { ”
” n ” — ] ”EHT_IH
i .
”EHT ” E !
9
i T
1—||E.T7Y > =
2
-1
i < gy
1/2
(17411
28

— [|ET]
T, =T + E, is invertible. Hence, for all n > N, T,, is bijective and
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Corollary 3.1.1 Suppose T is bijective and (T,) is a norm approximation

of T'. Then there exists N € N such that
Ty = Yn
s uniquely solvable for alln > N, and
|z — 2| < c|(T = To)zl| + ly —yull VR 2N,
where ¢ 15 a positive number and x and x,, are the solutions of
Ta=y

and

THIH — Un

respectively. In particular, if vy, — y as n — oo, then
T, —> T as n — oo.

Proof. Suppose T is bijective and 7,, — T in norm.

i.e. ||T — T,|| — 0 Then there exists some N such that for all n > N,
Tozn = yn
has a unique solution z,. From Theorem 2.2.2, we have
|z — 2ol < ||z — Pazl| + c||TuPaz — ynl

In this corollary we are in the case X,, = X. So, choose P, = I, then

P,x = x. Hence ||z — P,z|| = 0. Substituting this into the estimate, we get
|z — 2| < c|[Thz — yall (1)

Rewrite

Thz—yn = (Thae—Tz)+HTz—yn) = (Liz—Tz)+H(y—yn) = —(T—T0)z+(y—yn)

29

G Scanned with OKEN Scanner



Taking norms,

[Toz — ynll < (T = To)zl| + lly — vl

Substitute into (1):

e = zall < (11T = Tl + lly — vall)

Since 71, — T in norm,

(T = T)zx|| — 0,

and if y,, — v,
||y_yﬂ” — 0

This implies z,, — .

Remark 3.1.3 Let X be a Banach space, Y be a normed linear space, and

(T),) be a sequence of operators in B(X.,Y') which converges pointwise on X.

Let T : X — Y be defined by

17 = lim TuT. re X,

n—od

and let S C X be such that cl(S) is compact. Then
sup || Tz — Tz|| — 0 as n — oo.
reS
In particular, if Z is a normed linear space and K : Z — X is a compact

operator, then

(T, —T)K

| — 0 as n — o0o.

Example 3.1.1 Suppose P, € B(X) and Q, € B(Y) are projection opera-
tors such that P,x — = and Q,y — y asn — oo for eachx € X andy € Y.

Let K : X — X be a compact operator. Then by Remark 3.1.3,

Q. K —K|| 20 as n—

30
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Thus, (Q,K) is a norm approximations of K. Now, suppose X and Y are
Hilbert spaces, and (P,) is a sequence of orthogonal projections. Then by

compactness of K*, the adjoint of K, we have
|IKP, — K| = |P.K* — K*|| = 0
Hence, by the boundedness of (||Q.|)), we also have
|QnK P, — K|| < ||Qu(KP, — K)|| + ||Qn K — K|

E "Qn” ||KP11 T K” + HQHK o KH
— 0

as n — oo. Thus, in this case, (KP,) and (Q,KP,) are also norm approzi-

mations of K. Next, suppose that X =Y,
T'=A - K and I,:—Kg,

where X is a nonzero scalar and K, belongs to {Q.K, KP,, QuKP,}. By
Remark 3.1.1, it follows that (T,,) is a norm approzimation of T if K,, = Q, K
or if X is a Hilbert space, P, are orthogonal projections and K,, belongs to
{KP,, QuKP,}.

Remark 3.1.4 (a) Recall that if P is a projection, then I — P is also a
projection. Hence, ||I — P|| > 1 whenever P # 1. Thus, if (P,) is a sequence
of projections such that P, # I for infinitely many n, then (P,) cannot be a
norm approximation of I.

(b) Suppose T € B(X,Y) is invertible, and (P,) and (Q,) are sequences
of (non-identity) projections in B(X) and B(Y') respectively. Then neither
(QnT) nor (T'P,) is a norm approximation of T
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3.2 Norm-square approximation

Definition 3.2.1 Suppose T € B(X,Y) s bijective. Then a sequence (T,)

in B(X,Y) is called a norm-square approximation of T if

If (T,) is a norm-square approrimation of T', we also say that (T},) converges

to 1" in norm-square sense.

[T - 1)’

— ()

as

n — 0OQ.

Example 3.2.1 Let X = K? with any norm, and let

A =

Then we have

A—B=
Since A =1,
Hence,
Now,
C_YE‘
Therefore,

11
B =

0 1
of [1 1
1l [o 1

Al =1
(A—B)A™' =
0 —1| [0 —1
0 0|0 0

32
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[(A-B)A™]" =% =0
Now, for n € N, let T', T,,, and E be the operators corresponding to the

matrices A, B, and C, respectively. Then,

Hence,
T —Te=8
Also,
(T -T)T " =E?=0
Thus,

H (T TH)T_lF = |E*|| =0, Vn € N

Therefore, (T,) is a norm-square approximation of T, but it is not a norm

approzrimation.

Example 3.2.2 Let X =Y =6, T =1 and T,, := I — A,,, where A,, is

defined by
A,z =z2(2)e; + @em T € {*
n

SinceT'=1,T, =1—A,, we get

T T =il A= As

Taking norms,

1T =T = [|Axl

33
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Take © = e3. Then

A,es = e
Hence,

[Anea| =1
Since ||es|| = 1,

[An|l = 1

On the other hand,

A,z =z(2)e; + F) e,

n

Therefore,

= z(n)|?
| Anz|* = [2(2)]° + —5— < [2(2)]° + [2(n)* < [|z[I7

Thus, ||A,|| <1 Combining both inequalities, we get
[An]| =1

Hence, |T — Ty|| = 1, Vn € N Take any x € £*. We have
z(n)

n

A,z =x(2)e; +

Cn

Apply A,, again. The second coordinate of A, x is zero and the n-th coordinate
z(n)

of A, x equals . Hence,
n
1 (:1: n)) z(n)
A = | | gy = S €n
n\ n n
Therefore,
1
Ai _“;_.'RH
where P, 1is the projection onto the n-th coordinate. Since ||P,|| = 1,
; 1
2 _—
142) = -
34
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Since T = I, we have T~ = I. Therefore
(I— TN = A,

Hence,

i 1
(T — T)T™|* = | Anll =  — 0
Tl

Remark 3.2.1 Let X be a Banach space and A € B(X). If ||Al| < 1, then
I — A 1s byjective and

e B= 1
1— ||A4]

I — A)

Theorem 3.2.1 Suppose T is bijective, (T,) s a norm-square approximation

of T and (||T.|) is bounded. Then (T},) is stable.

Proof. Forn € N, let T, = T + E,, where E, = T,, — T. Since (||T5||) is
bounded, there exists ¢ > 0 such that ||E, T[] < ¢ for all n € N. Also, the
hypothesis ||[(E,T7')?*|| — 0 implies that there exists a positive integer N

such that

I(E.T™H)?| <1/2 ¥Yn>N

Therefore, by Remark 3.2.1, the operator T, is bijective and

17770 (1 + ([ E.T)
L= [[(E.T7H)%

1T < <2(1+)|T7

for all n > N. Thus, (7},) is stable.
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3.3 Applications of well-posed problems

1. Weather Forecasting

Weather forecasting is based on differential equations of the form

du
ot

where u(x,t) represents atmospheric variables such as temperature,

= F(u), u(z,0) = up(z),

pressure, wind speed, and humidity. A well-posed problem satisfies
lu(t) — v(t)|| < Clluo — woll;

which means that a small change in the initial weather data produces
only a small change in the predicted weather. Hence, well-posed equa-

tions provide stable and reliable weather forecasts.

2. Heat Conduction

Heat conduction is described by the heat equation

0,
@_? = kV?u, u(x,0) = up(x),

where u(z,t) denotes the temperature distribution and k is the thermal

conductivity. For a well-posed problem,
lu(t) —v(t)|| < Cllug — o,

which ensures that small changes in the initial temperature cause only
small changes in the temperature distribution. Therefore, well-posed
equations guarantee stable and accurate prediction of heat transfer in

engineering and physics.

36
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Conclusion

This project has presented the fundamental concepts of well-posed operator
equations and their approximations. A well-posed equation is characterized
by the existence, uniqueness, and continuous dependence of the solution on
the given data, ensuring that numerical computations are stable and reliable.
The concepts of convergence and stability were studied to show how approx-
imation methods produce solutions that approach the exact solution while
controlling computational errors. The project also discussed norm and norm-
square approximations, which provide effective techniques for approximating
bounded linear operators and preserving stability. Owverall, these concepts
form a strong theoretical foundation for developing accurate and efficient
numerical methods that are widely used in scientific computing, engineering,

and applied mathematics.
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