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INTRODUCTION

The concept of a fized point, a point that remains unchanged under a given
mapping, is one of the fundamental ideas in modern mathematics. Fixed point
theory has become an indispensable tool in nonlinear functional analysis, topology,
optimization, differential equations, game theory, and economics. For a mapping
T : X — X, where X is a nonempty set, a point x € X is called a fized point of T if
T(x) = x. The existence and approximation of such points form the central theme
of fixed point theory.

Among the various classes of mappings, nonezrpansive mappings occupy a promi-
nent position because of their wide range of applications and rich mathematical
structure. A mapping T defined on a metric or Banach space X is said to be
nonexpansive if

IT(x) =TWI < lle—yll,  Vo,yeX.

Unlike contraction mappings, nonexpansive mappings do not necessarily satisfy a
strict contractive condition. Consequently, classical results such as the Banach Con-
traction Principle are not directly applicable, making the study of nonexpansive
mappings more challenging and requiring additional geometric and topological as-
sumptions on the underlying space.

An important geometric condition in the study of the convergence of iterative se-
quences is the Opial condition. Introduced by Z. Opial, this condition plays a signif-
icant role in establishing the weak convergence of sequences generated by iterative
methods for nonexpansive mappings. In Banach spaces satisfying Opial’s condi-
tion, weak limits of iterative sequences exhibit a uniqueness property, making it an
essential tool in convergence analysis.

Another fundamental result is the Demiclosedness Principle, which states that
under suitable conditions, the operator I —T', where T is a nonexpansive mapping, is
demiclosed at zero. This principle provides an important connection between weak
convergence and fixed point theory by ensuring that if a sequence converges weakly

and its residuals converge strongly to zero, then the weak limit is a fixed point of



the mapping. It serves as a key ingredient in proving many convergence theorems
for iterative algorithms.

This project presents a systematic study of fixed point theorems for nonexpansive
mappings, beginning with the fundamental concepts of metric and Banach spaces,
convexity, and nonexpansive mappings. It explores classical fixed point results,
the role of geometric conditions such as normal structure and uniform convexity,
the significance of Opial’s condition and the Demiclosedness Principle, and their

applications in convergence theory.



Chapter 1

PRELIMINARIES

1.1 Basic Concepts and Definitions

1.1.1 Metric Spaces
A metric space is a set X together with a function

d: X xX—=R

called a metric, which satisfies the following properties for all z,y, z € X:

1. d(xz,y) >0 (non-negativity)
2. d(z,y) =0 <= z=y (identity of indiscernibles)
3. d(r,y) = d(y,z) (symmetry)
4. d(x,z) < d(z,y) + d(y, 2) (triangle inequality)

1.1.2 Banach Spaces

A Banach space is a normed linear space (X, || - ||) that is complete with respect
to the metric induced by the norm. That is, every Cauchy sequence {z,} in X

converges to an element x € X, i.e.,

lim ||z, —z| = 0.
n—oo



1.1.3 Lipschitzian, Contraction and Non-expansive Maps

Let (X,d) be a metric space. A mapping F' : X — X is said to be Lipschitzian if

there exists a constant « > 0 such that
d(F(z), F(y) < ad(z,y), Vz,yeX

A Lipschitzian mapping is necessarily continuous. The smallest value of « for which
the above inequality holds is called the Lipschitz constant of F' and is usually denoted
by L.

o If L <1, then F is called a contraction mapping.

e If L =1, then F is called a non-expansive mapping.

Definition 1.1.1 Let (X, d) be a metric space and let (x,,) be a sequence in X. The
sequence (x,,) is said to be a Cauchy sequence if for every ¢ > 0 there exists a

positive integer N such that d(z,,x,,) <& for alln,m > N.

Definition 1.1.2 A metric space (X,d) is said to be complete if every Cauchy

sequence in it converges to an element of it.

Definition 1.1.3 Let X = (X,d) and Y = (Y,d) be metric spaces. A mapping
f X =Y s said to be continuous at a point xo € X if for every e > 0 there
exists a & > 0 such that d(x,x¢) < & impliesd(f(z), f(xo)) < € for all x satisfying
d(x,x0) < 6.The mapping f is said to be continuous if it is continuous at every

point of X.

Definition 1.1.4 Let X = (X,d) and Y = (Y,d) be metric spaces. A mappingf :
X — Y is said to be uniformly continuous if for every € > 0, there exists a

0 > 0 such that d(f(z), f(y)) < € whenever d(x,y) <

Definition 1.1.5 Let a € X, where (X, d) is a metric space. Then for each r > 0,
Ula,r) = {x € X : d(a,z) < r} is a neighborhood or an open ball of center a and

radius r.



Definition 1.1.6 Let (X,d) be a metric space. Then G C X is called open if and
only if every point of G has a neighborhood contained in G. Symbolically, we require

that for every x € G, there exists r > 0 such that U(z,r) C G.

Definition 1.1.7 A topological space is an ordered pair (X, T) where T is a col-

lection of subsets of X satisfying the following properties:
1. The empty set and X belong to T.
2. Any arbitrary (finite or infinite) union of members of T belongs to T.
3. The intersection of any finite number of members of T belongs to 7.

The elements of T are called open sets and the collection 7 is called a topology

on X.

1.2 Banach Contraction Principle

Theorem 1.2.1 (Banach Contraction Principle) Let (X, d) be a complete met-
ric space and let F : X — X be a contraction with Lipschitz constant L. Then F
has a unique fized point uw € X. Furthermore, for any x € X, we have

lim F"(z) =u

n—o0

with

n

1-L

d(F"(z),u) < d(z, F(x)).

Proof: We first show uniqueness. Suppose there exist z,y € X withz = F(z) and y =
F(y). Then,
d(z,y) = d(F(z), F(y)) < Ld(z,y).

Since 0 < L < 1, this implies d(z,y) =0 =z = y.
To show existence, select z € X.

We first show that {F"(x)} is a Cauchy sequence. Notice for n € {0,1,...},

d(F™(z), F™(z)) < Ld(F™(z), F""\(2)) < --- < L"d(z, F(2)).



Thus for m > n, where n € {0,1,...},

d(F™ (), F"(x)) < d(F™(2), F"(2)) + -+ + d(F" (), F"(z))
< L™ Yd(x, F(z)) + -+ L"d(z, F(z))

=(L"+ L™ 4 L™ Nd(, F())
LTL

<

“1-1L

d(x, F(x)).

That is, for m > n,

n

A(F™ (@), F(2)) < 7=

d(x, F(x)).

This shows that {F"(z)} is a Cauchy sequence, and since X is complete, there
exists u € X with
lim F"(x) = u.

n—o0

Moreover the continuity of F' yields,

u= lim F""(z) = lim F(F"(z)) = F(u).

n—oo n—0o0

Therefore, u is a fixed point of F. Finally, letting m — oo, we get

L”I’L

d(F"(x),u) < 1 Ld(x,F(x)).

1.2.1 Example for Banach’s Contraction Principle

Example: Let X = R, and define the mapping T': X — X by
1

We want to apply Banach’s Contraction Principle to this mapping.

Step 1: Show that T is a contraction

Let z,y € R. Then,

T(x) = T(y)| =

L1 (L1 Lol =ty
—x — | = =|=(z—y)| ==|r -yl
2 Y A R L

1

Lol

So, T is a contraction mapping with contraction constant k& =



Step 2: Use Banach’s Contraction Principle
Since

e R is a complete metric space,

e and 7' is a contraction,

by Banach’s Fixed Point Theorem, 7" has a unique fixed point in R.

Step 3: Find the fixed point

We solve

1 1 1
T(x):x:>§x+1:m:>1:x—§x:§m:>x:2.

Conclusion: The unique fixed point of the mapping T'(x) is z = 2

1.3 Brouwer Fixed Point Theorem

Theorem 1.3.1 (Brouwer) Let f : D" — D" be a continuous function from the
closed n-dimensional disk to itself. Then f has at least one fized point. That is,

there exists x € D™ such that f(z) = x, where
D'={zeR": |z <1}
1s the closed unit ball in R™.

Proof: Assume, for the sake of contradiction, that the continuous function
f:D*— D?

has no fixed point, i.e.,f(z) # x for all x € D2

We will now construct a retraction from D? onto its boundary S*, which contra-
dicts a known topological result that no such retraction exists.

Since f(z) # x for all z € D?, for each x € D? we can draw a unique ray starting
at f(r) and passing through z. This ray intersects the boundary circle S* of the
disk D? at exactly one point.



Let us define a map
r:D?*— St

such that r(z) is the point where this ray intersects the boundary S'. This map r is
continuous, and it agrees with the identity map on the boundary S!, i.e., r(z) = x
for all z € S'. Hence, r is a retraction from D? onto S*.

But it is a well-known fact from algebraic topology that there is no continuous
retraction from D? onto S'. Therefore, we arrive at a contradiction.

Hence, our assumption that f has no fixed point must be false. Thus, there

exists at least one point z € D? such that
f(z) ==
Example 1.3.1 (Unit Disk) Let D be the unit disk in R?,
D ={(z,y) e R*: 2® +y* < 1}.

Define the function
_(* Q)
[z, y) (2, 5)
This function shrinks every point toward the origin (0,0). It is continuous

and maps the disk into itself, since for any (x,y) € D,

T\ 2 N2 r+y? 1
— =) = < - <1
<2> +<2> T

Fixed Point: The origin (0,0) is a fized point because
00
0,0)= (=, =] = (0,0).
10,0 = (5.5) = 0.0

[Real-world Example (Stirring Coffee)| Imagine stirring a cup of coffee.

The coffee is inside a circular cup, which can be modeled as a two-dimensional
disk. When you stir it, every point of the liquid moves according to a continuous
function.

Brouwer’s Fixed Point Theorem guarantees that at least one point of the
liquid remains unmoved—this is known as a fized point.

Fixed Point: Some unmoved droplet of coffee.



Chapter 2

NON-EXPANSIVE MAPPING

2.1 Non-expansive maps

Mappings that are defined in metric spaces and do not increase the distances between

pairs of points and their images are called nonexpansive.

Definition 2.1.1 If X is a Banach space and D C X ,then a mapping T : D — X

is said to be nonexpansive if for each x,y € D

IT(x) = Tl < [l =yl
Example 2.1.1 Define the mapping

T:R—R, T(x):g.

For any z,y € R,

55l

1
Tx) =T =%=2| ==z —y|| < |z -yl
IT@) =T = |5 - 2] = Sl =yl < e — vl

Hence,
1T(z) =Tl < llz =yl

which shows that T'(x) = § is a non-expansive mapping.

Theorem 2.1.1 If K is a bounded closed and convex subset of a uniformly convex
Banach space X and if T : K — K is nonexpansive (ie,||T(x) —T(y)|| < ||x—yl| for
each x,y € K ), then T has a fized point.



The existence of fixed points for nonexpansive mappings has generally fallen into
three categories.
We say that a Banach Space has the Fixed point property(FPP) if each of its
nonempty,bounded,closed,and convex subsets has the fixed point property for non-
expansive self-mappings.
It is said to have the Weakly Compact Fixed point property(We-FPP) if each of its
weakly compact covex subsets has the fixed point property.
Finally,a Banach space has the Ball fixed point property(B-FPP) if its closed unit
ball has the fixed point property.

2.2 Subclasses of Nonexpansive Mappings

Various subclasses of nonexpansive mappings arise in natural ways. when D C X is
a convex,closed and bounded set,the family F of nonexpansive mapping T : D — D
can be viewed as a convex,closed,and bounded subset of the space C[D, X], of all

continous mappings from D into X furnished with the natural uniform norm:

ITllcp.x) = sup {[|T|| -z € D}

The Subfamily Fy C F of all contractions is dense in F' in the topology generated
by this norm.
From the Banach contraction Principle, D has the fixed point property with respect

to the whole family F'. There are several other subclasses of F'.

Theorem 2.2.1 Let D be a weakly compact convex subset convex subset of a super
reflexive Banach space .Then D has the fixed point property relative to the class of

1sometries.

10



2.3 Various Subclasses
Isometries: The isometries are mappings 7' : D — D satisfying
[T =Tyl = le -yl  Vo,yeD.
Contractive mappings: These are mappings satisfying
Tz — Tyl < ||z — vl Ve, y € D with x # y.
This condition implies two things:

e A contractive mapping 7" has at most one fixed point.

o If T is fixed point free and D is weakly compact, then T has exactly one

minimal closed convex invariant set.

Remark: D has the fixed point property for contractive mappings if D is weakly
compact and such that for any closed convex K C D, there exists a point z € D

(not necessarily z € K') such that
sup{|lz — z|| : € K} < diam(K).

This condition is a modification of normal structure

Mappings of Type 7: Let 7 denote the set of strictly increasing convex func-
tions ¢ : Rt — R* with ¢(0) = 0. A mapping 7' : D — D is said to be of type 7 if

there exists ¢ € 7 such that
o(||eTe+ (1= )Ty —T(ex + (1 —e)y)||) < llz —yll — |Tz — Tyll,
Ve,ye D, €€ (0,1).
e Mappings of type 7 are nonexpansive.

e Affine nonexpansive mappings are of type 7.

e The fixed point set of a mapping of type 7 is convex.

11



Firmly Nonexpansive Mappings: A mapping T : D — D is said to be firmly

nonexpansive if for all z,y € D, the function
Goy(t) = |(L=t)(x —y) +t(Tz =Ty)|,  t<]0,1]

is nonincreasing on [0, 1].
Remark: Any firmly nonexpansive mapping is nonexpansive, but the converse is
not true.

Example: If D is a subset of a Hilbert space H, then T : D — D is firmly

nonexpansive if and only if it is of the form
1
T=-(I+G),
2
where G : D — H is nonexpansive.

Rotative Mappings: If 7' : D — D is nonexpansive, then for any n € N, we
have

|o = T"x|| < nljz — Tz
A mapping T is said to be (n, a)-rotative with o < n if for all x € D,
|z = T"z| < oz — T||.
T is called rotative if it is (n, a)-rotative for some pair (n,a) with a < n.
e All contractions are rotative.
e There are rotative isometries.
e There exist nonexpansive mappings which are not (n, a)-rotative for any (n, a).

Remark: In contrast to the general case, the fixed point property for rotative
nonexpansive mappings does not depend on the geometry of the set D. Any closed

convex set D, regardless of whether it is bounded or not, has this property.

12



2.4 Normal Structure

Let C' be a nonempty bounded subset of a Banach space X. Then a point xy € C'

is said to be

(i) a diametral point of C' if

sup{||zg — z|| : x € C} = diam(C),

(ii) a nondiametral point of C' if

sup{|lzo — x| : € C'} < diam(C).

A nonempty convex subset C' of a Banach space X is said to have normal struc-
ture if each convex bounded subset D of C' with at least two points contains a

nondiametral point, i.e., there exists o € D such that

sup{|lzo — x| : * € D} < diam(D).

Geometrically, C' is said to have normal structure if for each convex bounded
subset D of C' with diam(D) > 0, there exist a point zp € D and r < diam(D) such
that

D g BT[ZL’()].

The Banach space X is said to have normal structure if every closed convex

bounded subset C' of X with diam(C') > 0 has normal structure.

Theorem 2.4.1 FEvery compact convex subset C' of a Banach space X has normal

structure.

proof: Suppose, for contradiction, that C' does not have normal structure. Let
D be a convex subset of C' that has at least two points. Because C' does not have
o0
i=1

normal structure, all points of D are diametral. Now we construct a sequence {xz;}

in D such that

13



|lz; — ;]| = diam(D) for alli,j € N, i # j.

For this, let xy be an arbitrary point in D. Then there exists a point x5 € D such

that
dlam(D) = Hl'l — xQH

Because D is convex, there exists a point

1+ X
eD.
2
Next we choose a point x3 € D such that
diam(D) = ||z3 — o ;xQ

Proceeding in the same manner, we obtain a sequence {z,} in D such that

T1+To+ -+ Ty
n

diam(D) =

Tn+1 — N n Z 2.

Because

T+ X2+ -+ Ty
n

diam(D) =

Tn+1 —

(Tnp1 — 1) + (T — 22) + - + (Vg1 — 7)
n

1
< = (lass = 1l + lans = @l -+ s = zall)
< diam(D),

it follows that diam(D) = ||z,41 — ;]| 1 <i < n. This implies that the sequence

{z,,} has no convergent subsequences. This contradicts the compactness of C'.
corollary 2.4.1 Fwvery finite-dimensional Banach space has normal structure.

Theorem 2.4.2 FEvery closed convex bounded subset C' of a uniformly convex Ba-

nach space X has normal structure.

14



proof: Let D be a closed convex subset of C' with diam(D) = d > 0. Let x; be
an arbitrary point in D. Choose a point > € D such that ||z; — z»|| > £. Because

D is convex,
T1 + o
2

eD.

Set

T+ Xo
o — 5 .

By the uniform convexity,

lul| <7, |lv]| <rand ||lu—v|| >e>0=

< (10 (3)

Hence for x € D we have

Ty + X2

[ = ol = ||z —

SIEE)
|

Consequently,
sup{ ||z — z¢|| : * € D} < diam(D).

Example 2.4.1 The space C[0,1] of continuous real-valued functions with “sup”

norm does not have normal structure.

For that consider the subset C of X = C|0, 1] defined by
C={feC0,1]:0=F(0) < f(t) < (1) =1, t € [0,1]}

Let fi,fo € C and X\ € [0,1] and f = A\fi + (1 — X\)fo. Then f(0) =0, f(1) =1
and 0 < f(t) <1 for allt € [0,1]. Hence C is convex. Thus, C is a closed convex
bounded subset of X with diam(C) = sup{||f — gl : f,g € C} = 1. Then each point
of C is a diametral point. In fact, for fy € C,

sup{||fo— f|| : f € C} =1 = diam(C).

Therefore, C' does not have normal structure.

15



A bounded sequence {z,} in a Banach space is said to be a diametral sequence
if

lim d(x,41,co{z1,za, -, x,}) = diam({z,}),
n— o0

where

d(z,A) = inf d(z,y).

yeA

Remarks 2.4.1 Any subsequence of a diametral sequence is also diametral

Theorem 2.4.3 Let X be a reflexive Banach space and suppose K is a bounded
closed convexr subset of X which has normal structure. Then any nonexpansive
mapping T : K — K has a fized point. In particular, if X has normal structure,
then X has the Fized Point Property (FPP).

Proof: Let
V={D C K : D is closed, convex, D # (), T(D) C D} .

Since the members of V are weakly compact, each descending chain in V has a lower
bound (namely, the intersection of its members). Hence, by Zorn’s Lemma, V has a
minimal element, say Dy.

Now,

T(Do) C Dy = T (co(T(Dy))) C co(T(Dy)).

Thus, co(T(Dy)) € V, and by the minimality of Dy, we must have co(T'(Dy)) = D,.
Let u € C(Dy), the Chebyshev center of Dy; then

TU(D()) = T(Do).
Since T' is nonexpansive, we have
1T (u) = T()|| < llu—vl <r(Do), Vv e Dy,

which implies

T(Dy) C B(T(u),r(Dy)).

Therefore,

Dy = co(T(Dyo)) € B(T'(u),7(Do)),

16



which gives
7@ (Do) = (Do),

so T'(u) € C(Dy). By the minimality of Dy, this implies C'(Dy) = Dj.
Thus,
diam(Dy) < r(Dy),

and since K has normal structure, it must be the case that Dy consists of a single

point, which is fixed under 7.

2.5 Asymptotic Normal Structure

It has been known for some time that even in reflexive Banach spaces, normal
structure is not essential for the Fixed Point Property (FPP). An example is provided
by the spaces Xz for 8 > 0, defined by

X ={z € 1 |zlls = max{|z[l, Bllz]l} < oo}
Some facts about Xg:
(i) Xjp is reflexive (since it is isomorphic to the Hilbert space ¢2).
(ii) X has normal structure if and only if 3 < v/2.
(iii) Xp has asymptotic normal structure if and only if 5 < 2.

The concept of asymptotic normal structure was introduced by Baillon and
Schoneberg in 1981. A Banach space X is said to have asymptotic normal structure
if each nonempty bounded closed convex subset K of X containing more than one
point satisfies the following:

If {z,} C K is such that

|Zn — Tppa|| =0,

then there exists z € K such that
liminf ||z, — x| < diam(K).
n—oo

17



Note:

In 1971, it was observed by Day, James, and Swaminathan that every separable
Banach space has an equivalent norm which has normal structure. Thus, every
separable reflexive space admits an equivalent norm under which it has the Fixed
Point Property (FPP).

The question of whether reflexivity is essential for FPP remains open, but there
is compelling evidence suggesting that it might be. For example, it is known that
certain bounded closed convex subsets of classical nonreflexive spaces like ¢y and ¢!
fail to have the Fixed Point Property.

Moreover, Bessaga and Pelczynski have shown that if X is a Banach space with
an unconditional basis, then X is reflexive if and only if X contains a subspace
isomorphic to ¢y or £!.

Hence, all classical nonreflexive spaces can be renormed in such a way that they

fail to have the Fixed Point Property.

The Space L'. As we have noted, ¢! (hence L') fails to have the Fixed Point
Property (FPP). However, in 1981, Alspach proved much more, namely that L'
fails to have the weakly compact Fixed Point Property (wc-FPP).

At the same time, Maurey proved that all reflexive subspaces of L! do have FPP
(hence we-FPP).

There has been another quite recent development. Dowling, Lennard, and Turett
(1993) have shown that non-reflexive subspaces of L! fail to have FPP.

Thus, a subspace of L! has the Fixed Point Property if and only if it is reflexive.

2.6 The Goebel-Karlovitz Lemma

Lemma 2.6.1 Fach point of K is a diametral point; that is,
sup{[lz — y|| : y € K} = diam(K)

for each x € K. Now let K be bounded, closed, and convex, fir z € K, and let
T : K — K be nonexpansive. Then fort € (0,1), the mapping T, : K — K defined

18



by
Ty(z) = (1 —t)z + tT(z)

1S a contraction mapping with a unique fized point. Since
lim || Ty(z) — T(z)|| = lm ||(1 = £)z — (1 = )T (x)|| = 0,
t—1 t—1

we have the following:

Lemma 2.6.2 [f K is a bounded, closed, and convex subset of a Banach space, and
if T': K — K is nonexpansive, then there exists a sequence {z,} C K such that

lim ||z, —T(z,)| = 0.

n—oo

Lemma 2.6.3 (Goebel-Karlovitz) Let K be a subset of a Banach space X, and
suppose K is minimal invariant with respect to being nonempty, weakly compact,
convez, and T-invariant for some nonexpansive mapping T.Suppose {x,} C K sat-
isfies

lim ||z, — T(z,)| = 0.

n—oo

Then for each x € K,

lim ||z — z,|| = diam(K).
n—oo

Proof: As we have just seen, if diam(K) > 0, then K can have no diametral points.
Now suppose there exists a sequence {x,} C K for which

lim ||z, — T(z,)| =0,

n—oo

but for which

lim ||z — 2,| =r < diam(K)

n—o0

for some z € K. Let

C= {zeK:limsusz—ﬂCnH ST’}.

n—oo

It is easy to see that C' is convex. Also, C'is closed. Indeed, if {u;} C C and

lim u; = u,
i—»00

19



then for each 1 = 1,2, ...,

limsup ||u — x,|| < limsup ||u — ;|| + limsup |Ju; — 2,]| < Ju — | + 7.
n—00 n—00 n—0o0

Letting ¢« — oo, we obtain

limsup ||u — x,| < 7.
n—oo

Thus u € C, and so C'is closed. Also, if u € K,

limsup |[T(u) 2, | < limsup (| T(u) =T (@) [+ [ T(2n)—2]]) < limsup [u—z,| < 7.

n—oo n—o0 n—oo

This proves that
T(C) CC.

Since any closed convex subset of a weakly compact set is itself weakly compact, and
since K is minimal with respect to being weakly compact, convex, and T-invariant,

we conclude that

C=K.

However, if diam(K') > 0 and if € > 0 is chosen so that
r+ ¢ < diam(K),

then the family
{B(z;r+c¢):x € K}

has the finite intersection property. Since these balls are weakly compact, we have

ﬂ B(z;r+¢) # 0.

zeK
But this implies
diam(K) <r + ¢ < diam(K),

a contradiction. Thus the lemma is proved.

20



Chapter 3

THE OPIAL CONDITION AND
DEMICLOSEDNESS
PRINCIPLE

The Opial condition plays an important role in convergence of sequences and in the
study of the demiclosedness principle of nonlinear mappings and the geometry of
Banach spaces.

A Banach space X is said to satisfy the Opial condition if whenever a sequence

{z,} in X converges weakly to xy € X, then
liminf ||z, — xo|| < iminf ||z, — x| for all z € X, = # . (3.1)
n—oo n—oo

We observe that (3.1) is equivalent to the analogous condition obtained by replacing
liminf by limsup. Replacing the strict inequality “<” in (3.1) with “<”, we obtain

the definition of the so-called non-strict (or weak) Opial condition.

Example 3.0.1 FEvery Hilbert space satisfies the Opial condition, i.e., if the se-

quence {x,} in a Hilbert space H converges weakly to x € H, then

limsup ||z, — x| < limsup ||z, — y|| forallye H, y # x.

n—o0 n—oo
In fact, because every weakly convergent sequence is necessarily bounded, we have
that

limsup ||z, — x| and limsup ||z, — y||
n—oo n—oo
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are finite. Note

lzn = yl* = llzn — 2 + 2 = ylI* = [lon — 2l* + |z — y* + 2{2n — 2, 2 — ),

so that

limsup ||z, — y||* > limsup ||z, — z||*.
n—00 n—00

Example 3.0.2 Let f be a periodic function with period 27 defined by

- 4
1, fo<t<im

=14
-2, if 4 <t<2m
Set
zn(t) = f(nt), n e N.

Then {x,} is a weakly null sequence of Rademacher-like functions in L,|0,2x] for

every 1 < p < oo. Define a function
2m
— T _olP — _olp
M) = lim =l = [ 150 s,

where s € R is treated as the constant function. Note

50 == [ 1FOP s ) de =G (277 1),

A (0) #0 whenever p # 2.

It follows that \,(0) is not the minimal value of X,, except for the case p = 2.
Therefore, L,[0,2m| does not satisfy even the nonstrict Opial condition for any p # 2.

We now give a necessary and sufficient condition for a space satisfying the Opial

condition.

Proposition 3.0.1 A Banach space X satisfies the Opial condition if and only if

xn, — 0 and liminf ||z, || = 1 = liminf ||z, — x| > 1 for all x # 0. (3.2)
n—oo n—oo
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Proof: Suppose that the condition (3.2) is satisfied.
Let

Uy — U
and

r = liminf ||u, — ul|.
n—oo

If » = 0, then the Opial condition (3.1) follows from the uniqueness of a weak limit.

If
r= liTrLr_1>iOr01f ||lun, — ul| >0,
then
Tp =1 Nty —u) — 0
and
liminf ||z, || = 1.
n—00
Hence from (3.2) we have
li}gngxn_xH > 1 for x # 0,

which implies that

liminf ||r " (u, — u) — z| > liminf ||r " (u, — u)].
n—oo

n—00
That is,

h)ﬂg‘f |un — (u 4+ rax)|| > ligg:'g)lf ||tn, — ul]
for

uF#u+re.

Hence X satisfies the Opial condition. The inverse implication is obvious.

Proposition 3.0.2 Let X, X, ..., Xy be Banach spaces with norms ||-||1, ||-||2, - - -

||k, respectively. Let p be a constant in [1,00) and put
X=X xXogx- - xXp,
where the norm of X 1is given by
@1, @, @)l = (lzallf + ol + - + )"
for all (x1,29,...,2;) € X.
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Then the following are equivalent:
(a) X has the Opial condition.

b) Fach X; has the Opial condition.
j

Proof: (a) = (b).

Let {x,} be a sequence in X; such that x, — z. Then the sequence
{(0,0,...,0,2,,0,...,0)}
(with z,, in the jth position) converges weakly in X to
(0,0,...,0,2,0,...,0).

Using this fact, one can easily see that (a) implies (b).

Conversely, let {z,,} be a sequence in X such that z,, = z and let

we X\ {z}.
Set
LL’n = (xn1)7 ‘rnQ)ﬂ 7'rnk))7
O R R )
and
w= (w,w?, ... wh),

Because {z,} is bounded, there exists a subsequence {x,, } of {z,} such that
liminf ||z, — w||? = lim ||z,, — w]|?,
n—oo 1—r 00

and that the limits

lim o) — 2],
i—00 v
exist for all j = 1,2,..., k. Because each X; satisfies the Opial condition,

lim (|2 — 29|12 < lim inf [|20) — w2,
i—00 v n—00
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for j=1,2,...,k, and
lim |2 — 20|12 < liminf ||z{9 — w© |
1—00 ¢ n—00
for some ¢, 1 < ¢ < k, because z # w. Therefore,
liminf ||z, — z|” < lim ||z, — 2|
n—oo 1—00
k
— ; @ _ .G
=D lim |z} — =[]
j=1
k
< le}lgloglf |2 — wl 1%
j=1
< lim [y, —w]/?
1—00
= liminf ||z,, — w]||?.
n—oo

Therefore,

liminf ||z, — z|| < liminf ||z, — w]].
n—oo n—oo

Hence X satisfies the Opial condition.

Definition 3.0.1 A Banach space X is said to satisfy the uniform Opial condition

if for each t > 0, there exists an r > 0 such that
I+r< hggirolf |z, + |
for each © € X with ||z|| >t and each sequence {x,} in X such that
z, =0 and ligglfonH > 1.

Definition 3.0.2 A Banach space X 1is said to satisfy the locally uniform Opial

condition if for any weakly null sequence {x,} in X with
liminf ||z,| > 1
n—o0
and any t > 0, there is an r > 0 such that
1+r <liminf ||z, + ||
n—oo

for every v € X with ||z|| > t.
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Note that
uniform Opial condition = locally uniform Opial condition = Opial condition.
Definition 3.0.3 We now define the Opial modulus of X, denoted by rx, as follows:
rx(t) = inf {hﬁ%f |20 + 2 — 1} ,

where t > 0 and the infimum is taken over all v € X with ||x|| > t and sequences

{z,} in X such that
Ty — 0 and liminf ||z,| > 1.
n—oo

It is obvious that rx is nondecreasing and that X satisfies the uniform Opial condi-
tion if and only if
rx(t)>0  forallt>0.

Note that in the definition of locally uniform Opial condition, “liminf” can be re-
placed with “limsup”. Let {z,} be a weakly null sequence in a Banach space X
with
liminf ||z,| > 1.
n—oo
We define the local Opial modulus of X as follows:
X {2} (t) = inf {liminf |len +2z|| —1:2 € X, ||z]| > t} :
n—o0
X has the locally uniform Opial condition if
"X {wn}(t) >0 for all t > 0,
and the uniform Opial condition if
rx(t) = inf {rX,{xn}(t) : 2, — 0, liminf ||z, | > 1} >0
n—oo
for allt > 0.

Proposition 3.0.3 A Banach space X satisfies the locally uniform Opial condition
if and only if for any sequence {z,} in X that converges weakly to x € X and for

any sequence {ym} in X,

lim sup (limsup |z, — ym||) < limsup ||z, — z||

m—00 n—0o0 n—oo

implies Yy, — .
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Proof: Assume that X satisfies the locally uniform Opial condition. Let {x,} be a

sequence in X with x, — = € X and {y,,} a sequence in X such that

lim sup (limsup | zn — ymH> < limsup ||z, — x| (3.3)

m—r0o0 n—o0 n—o0

Set

d := limsup ||z, — z||.
n—oo

If d =0, then y,, — . If d > 0, there exists a subsequence {z,,} of {x,} such that
d = lim |[z,, — .
1— 00

Suppose, for contradiction, that {y,,} does not converge to x in norm. Then there

exist an € > 0 and a subsequence {¥m,} of {ym} such that
|Ym, — || > € for all 5 € N.

Set

By the locally uniform Opial condition of X, we have an r > 0 such that
1+ 7 <liminf ||z; + z||
1—00

for all z € X with

2]l >

[SHRG)

In particular, we have
liminf ||z, — Ym, || > d(1 +7) for all j € N,
1—00
which gives that

lim sup <limsup |z, — ymH> >d(1+r)>d=limsup ||z, — z|,

m—ro0 n—o0 n—oo

which contradicts inequality (3.3). Conversely, suppose that X does not satisfy the

locally uniform Opial condition. Then there exist a sequence {z,} in X with

T, — 0, limsup ||z, || > 1,
n—oo
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a constant ¢ > 0, and a sequence {y,,} in X with
lyml| > ¢ forall m € N,

such that

1
1+ — > limsup ||z, — Ynml| for all m € N.
m

n—oo

Hence

lim sup (limsup |z, — ymH) <1 < limsup ||@,].

m—r0o0 n—oo n—oo

By assumption, we have y,, — 0. This contradicts the fact that
|lym|| > ¢ for all m € N.

Therefore, the proof is complete.

3.1 Demiclosedness priniciple

Let C be a nonempty subset of a Banach space X and T': C' — X a mapping. Then
T is said to be demiclosed at v € X if for any sequence {z,} in C the following

implication holds:
r,—~u€eC and Tz, —v imply Tu=w.

Our first result concerning the demiclosedness principle of nonexpansive map-

pings is in an Opial space.

Theorem 3.1.1 Let X be a Banach space that satisfies the Opial condition, C' a
nonempty weakly compact subset of X, and T : C' — X a nonexpansive mapping.

Then the mapping I — T is demiclosed.

proof: Let {x,} be a sequence in C such that z,, = z € C' and
lim [|(1 = T)an -yl =0
n—oo
for some y € X. We show that (I — T)x = y. Observe that
len —Tw =yl < llan = Tan —yl + [ Twn — Tl
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which implies that

liminf ||z, — Tx — y|| < liminf ||z, — z|.
n—oo n—oo

By the Opial condition, we have
liminf ||z, — z|| < liminf ||z, — (Tx +y)||,
n—oo n— o0

a contradiction. Therefore,

(I -T)x=y.

corollary 3.1.1 Let X be a reflexive Banach space that satisfies the Opial condition,
C' a nonempty closed convex subset of X, and T : C' — X a nonexpansive mapping.

Then I — T is demiclosed.

We now extend the demiclosedness principle of nonexpansive mappings in a
uniformly convex Banach space without Opial’s condition. To do so, we need the

following:

Theorem 3.1.2 Let C' be a nonempty closed convex bounded subset of a uniformly
convex Banach space X and T : C' — X a nonexpansive mapping. Then I — T is

demiclosed on X .

Proof: Let {z,} be a sequence in C such that z,, = = and

lim ||z, — Tax, —y|| =0
n—o0

for some y € X. Set
Tyx =Tz +y, xeC.
Then
(I-T)x,={I—-T)x, —y—0.

If (I-T,)x =0, then (I —T)x = y. Hence, we may assume without loss of generality
that y = 0. Set

en = ||lxn — Tyl

Because ¢,, — 0 as n — oo, we may thin out the sequence to make the convergence

faster, and we do this in such a way that for each n

En S C(gn—l) < Ep-1,
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where ((¢) for any € > 0 is the constant Hence for each point
zeco({zy: k>n}),

we have

|z —Tz|| <éep_i.

Because

co({zy : k >n})

is weakly compact (and hence weakly closed) and contains the weak limit x of the

sequence {x,}, it follows that
lo = Ta|| < en1— 0

as n — oo. Therefore,

r="Tx.
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Chapter 4

EXISTENCE THEOREMS OF
CERTAIN NON EXPANSIVE
MAPPINGS

4.1 Multivalued nonexpansive mappings

In this section, we consider the problem of solving the operator equation
x €T, (4.10)
where T' is a multivalued nonexpansive mapping in a Banach space.

Definition 4.1.1 Let C' be a nonempty subset of a Banach space X. A mapping
T:C — CB(X) is said to be nonexpansive if

H(Tz, Ty) <l =yl forallz,y € C,

where H(-,-) is the Hausdorff metric on CB(X).
Recall that the graph G(A) of a multivalued mapping A : C' — 2Y is

G(A) ={(z,y) e X xY: xze€C, ye Az},

where Y is another Banach space. The mapping A is said to be demiclosed aty € Y
if

z, (inC)—z and vy, € Az, >y — y € Ax.
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First, we show that for every compact-valued nonexpansive mapping 7', I — T is

demiclosed in a Banach space with the Opial condition.

Theorem 4.1.1 Let C' be a nonempty weakly compact subset of a Banach space X
with the Opial condition and T : C' — K(X) a nonexpansive mapping. Then I —T

18 demiclosed.

Proof: Because the domain of I — T is weakly compact, we must prove that the
graph of I — T is only sequentially closed. Let (x,,y,) € G(I —T) be such that
z, — x and y, — y. Hence x € C. We now show that y € (I — T)z. Because
Yn € T, — Txy, Yy, = x, — 2, for some z, € Tx,. By the nonexpansiveness of T,

there exists 2], € Tz such that
|lzn — 20 || < HTx,, Tx) < |2, — 2] (4.11)
It follows from (4.11) that

liminf ||z, — x| > liminf ||z, — 2/, ||
(4.12)
= liminf ||z, — yn — 2, ||-
n—oo

Because T’z is compact, z, € Tr and y, — y, there exists a subsequence {z;, } of
{z!'} such that

2, —2€Tx and Y, — .

Hence from (4.12) we have
liminf ||z, — 2| > liminf ||z, —y — z||.
71— 00 1—00
By the Opial condition,
liminf ||z, — 2| < liminf ||z, —y — 2|,
1— 00 71— 00
which implies that y + 2z = z. Therefore,

y=x—ze€x—Tz.
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The fixed point theory of multivalued nonexpansive mapping is however much
more complicated than the corresponding theory of Single-valued nonexpansive map-

pings we will concentrate

Theorem 4.1.2 Let X be a Banach space with the Opial condition, C' a nonempty
weakly compact conver subset of X, and T : C' — K(C) a nonexpansive mapping.

Then T has a fixed point in C'.

Proof: Let u be an element in C' and let {a,} be a sequence in (0,1) such that

lim,, o @, = 1. For each n € N, define T,, : C' — K(C') by
Twx=(1—-ay,)u+a,Tx, xeC. (4.13)

Then T, is a contraction mapping. (Nadler’s fixed point theorem), there exists x,, €
C such that z, € T,x,. Because C' is weakly compact, there exists a subsequence
{zn,} of {x,} such that z,, = v e C.

From (4.13) we have

z, = (1 —ay)u+ ayz,,

where z,, € T'x,,. Observe that

[Zn — 2all = (1 — an)|zn — ul|.

Hence
Yn =Ty — 2pn € (I = T)xp,
and
Yn — 0.
Thus,
(xnmym) S G([ - T)7
and

Tp, — U, Yn, — 0.

It follows from the demiclosedness of I — T" at zero that 0 € (I — T")v. Therefore,

v e Tv.

33



Proposition 4.1.1 Let C' be a nonempty closed convex subset of a uniformly convex
Banach space X and T : C' — K(C) a nonezpansive mapping. Suppose there erists

a bounded sequence {x,} in C' such that
d(zp, Tx,) — 0 as n — oo.

Then T has a fived point in C'.
Proof: We may assume that {x,} is regular and thus asymptotically uniform. Let
Z,(C{zxn}) ={z} and 7r,(C,{z,}) =r.
Choose y,, € Tz, such that
|Zn — yn|| — O as n — oo.
By the compactness of Tz, select z, € Tz such that

lyn = zall < H(T20,T2) < ||2n — 2| (4.14)

Because Tz is compact, there exists a subsequence {z,, } of {z,} such that
Zn, — v € T2

By the regularity of {x,}, we have

ra(Ci{wn, }) = ro(Ci{zn}) =1,

and
Zo(C{xn}) = Zo(C {zn, }) = {2}
Because
[0, = 0l < Nl2n, = Ynill + N9 = 20l + 120, =0l

it follows from (5.34) that

limsup ||, —v|| <,
k—o0

and hence Z,(C,{z,}) = z = v.

Therefore, z € Tz, and so z is a fixed point of T
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4.2 Asymptotically nonexpansive mappings

Let C be a nonempty subset of a Banach space X. A mapping T : C' — C is said to

be asymptotically nonexpansive if for each n € N, there exists a positive constant

k, > 1 with
lim &k, =1
n—oo
such that
|T"x —T"y|| < kpllz —yll,  forallz,yeC.

The following example shows that the class of asymptotically nonexpansive map-

pings is essentially wider than the class of nonexpansive mappings.

Definition 4.2.1 Let C' be a nonempty subset of a normed space X andT : C' — C
a mapping. Then T s said to be

1. asymptotically reqular at xo € C if
nh—>nolo | Tz — T || = 0;
2. weakly asymptotically reqular at xy € C if
T'zo — Ty — 0;
3. asymptotically reqular on C if for any x € C,
i 77 = 7" =
4. uniformly asymptotically reqular if

lim (sup | Tz — T"“x”) =0;
n—oo zeC

5. reasonable wanderer in C' if starting at any x € C,

o0
S o|ITre = T )| < 0.
n=0

Note that every uniformly asymptotically reqular mapping is asymptotically regqular.
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Remarks 4.2.1 The asymptotic reqularity of a mapping T at a point xo implies the
existence of an approximating fived point sequence of that mapping, but the converse

18 not true.

Example 4.2.1 Let By be the closed unit ball in the Hilbert space H = {5 and

T : By — By a mapping defined by
T(x1,29,23,...) = (0,27, aswy, asws, . . .),

where {a;} is a sequence of real numbers such that 0 < a; < 1 and

- 1
gai: 5

Then
HT‘T_T?/H §2Hx_y’| fOT all xayEBHa

i.e., T is Lipschitzian, but not nonexpansive. Observe that
|IT"x — T y|| < 2ﬁai e —yl|| forallz,y € By and n > 2.
i=2
Here .
kn:2Hai—>1 as n — 0o.
Therefore, T is asymptotically noljexpansive, but not nonexpansive. There is also a

connection between the demiclosedness principle and the fized point theory of asymp-
totically nonexpansive mappings. Some simple results concerning the demiclosedness
principle of asymptotically nonexpansive mappings are given in the following theo-

rems.

Proposition 4.2.1 Let C' be a nonempty closed convez subset of a uniformly convex
Banach space X and T : C' — C an asymptotically nonexpansive mapping. If {y,}

is a bounded sequence in C' such that
lim Hyn - Tyn” =0
n—o0

and
Z.(C, {yn}) = {v},

then v is a fixed point in C.
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Proof: We define a sequence {z,,} in C' by
Zm = TMv, m € N.
For integers m,n € N, we have
12 = yall < NT™0 = Tyl + 1Ty = T gl + -+ + [Ty — |

m-1 (4.21)
< koo = yall + {1790 = wall + D Kallym — Tl ) -
i=1
Then by (4.21) we have
Ta(Zms {yn}t) = Hmsup |lyn — zml| < knra(v, {yn}) = knra(C, {yn}).

n—oo

Hence

|Ta(zma {yn}) - ra<07 {yn})| S (k?m - 1) TQ(O, {yn}) — 0 asm — oco.

It follows that

Ty — .

By the continuity of T', we have

Tv = T( lim va> = lim 77" = 0.

m— 00 m— 00

Theorem 4.2.1 Let X be a uniformly convex Banach space with the Opial con-
dition, C' a nonempty closed convex (not necessarily bounded) subset of X, and
T :C — C an asymptotically nonexpansive mapping. Then I — T is demiclosed at

ZETO0.

Theorem 4.2.2 Let X be a Banach space with the locally uniform Opial condition,
C a nonempty weakly compact convex subset of X, and T : C' — C' an asymptotically

nonexpansive mapping. Then I —T is demiclosed at zero.

Theorem 4.2.3 Let C' be a nonempty closed convex bounded subset of a uniformly
convex Banach space X and T : C' — C' an asymptotically nonexpansive mapping.

Then I — T is demiclosed at zero.
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Proof. Let {z,} be a sequence in C such that z,, = = € C and z,, — Tx,, — 0 as
n — oo. We show that 7"z — z. Indeed, because {z,} is weakly convergent to x,

there exists for each integer n € N a convex combination

b= 3 W (02 0ma S0 1)),
i=1 i=1

such that|y, — x| < 2. For an arbitrary but fixed j € N,because (I — Tz, — 0,
there is an ng = ng(e, j) so large that nio <eand |[(I —T%)x,| <e, for n > ny.
Because X is uniformly convex, there exists a strictly increasing convex and con-
tinuous function g : RT — RT, ¢(0) = 0 such that for any nonexpansive mapping
S : C — X, for any finite many elements {u;} , in C, and for any finite many

nonnegative numbers {¢;}1, with """  ¢; = 1, the following inequality holds:

d

Suppose L; is the Lipschitz constant of 77. Then Lj_lTj is nonexpansive in C,

i=1 =1

) < max ([Jui — uyll = [|Swi — Suyl]) . (4.22)

T 1<i,5<n

and it follows from (4.22) that

m(n) m(n)

1Ty = yall < || T — > t Tz || + > HVT 2 — yn

i=1 =1

m(n)
<\ 2ot e | = Do T s + 37 I i = @i
=1 i=1 i=1

< Ljg* ( max : (Nzisn — Thsnll = L T 25 — zjk+n||)) +e¢

1<i,k<m(n
< Ljg' (2 + (1 = L;") diam(C)) + . (4.23)
because
in = @kenll = L7 T — Tl
< N#ign = TP il + | Thsn — T ppnl|
+ (1 - L;1>‘|zji+n - le'k-i-nH

<2+ (1—L; ") diam(C).
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Taking the limit superior as n — oo in (4.23), we obtain

limsup |77y, — ynll < Ljg~" (2 + (1 — L; ') diam(C)) + ¢ for all j € N. (4.24)

n—oo

For each 7 € N, we have

T2~ < [T~ Ty |+ 1= gl i = < (L 1)l =l 4 1T~
(4.25)
Because y, — x, it follows from (4.24) and (4.25) that

772 — | <Timsup ((L; + 1)y — 2l + 1Ty — yall)

n—o0
< Ljg ™' (2 4+ (1 = L;") diam(C)) + ¢
=g 10) =0, as 7 — oo and € — 0.

This shows that T"x — x and by the continuity of 7', we obtain that x = T'x.

Theorem 4.2.4 (Goebel and Kirk’s Fixed Point Theorem) Let C be a nonempty
closed convex bounded subset of a uniformly convex Banach space X andT : C' — C

an asymptotically nonexpansive mapping. Then T has a fixed point in C.

Proof. For fixed y € C' and r > 0, set
R, := {r: there exists k € N with C N (N2, B-[T"y]) # 0}, and d := diam(C).
Then d € R,. Hence R, # 0. Let ro = inf{r : r € R,}. For each £ > 0, we define

C. = [_OJ (ﬁ Bro+€[Ti3/]> :

k=1 \i=k

Thus, for each € > 0, the set C. N C' is nonempty and convex. The reflexivity of X
implies that

N (CnC) 0.
e>0
Note that for z € ﬂ(@ N C) and n > 0, there exists an integer ny such that
e>0
le —T"y|| <19+, for all n > ny.

Now, let x € ﬂ€>0(aﬂ (') and suppose, for contradiction, that the sequence {T"z}
does not converge strongly to x.Then there exist € > 0 and a subsequence {T"z}

of {T"x} such that
Tz — x| > e, foralli =1,2,....
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Suppose k,, is the Lipschitz constant of T™. Then for m > n, we have
T — TTx|| < ky|le —T™ "x||.

Assume that ro > 0 and choose o > 0 such that

<1_5X (Toia» (ro + a) < 7.

r—T"z||>¢ and £k, 7‘0+g <719+ .
2

Select n such that

If ng > n is sufficiently large, then m > ny implies
n a
e =Ty <o+ -

Because

«
|T"x — T™y|| < kplle —T™ "y|| < ki (ro + 5) <ryg+a

and

l = T™yl[ <o + v,

it follows from the uniform convexity of X that for m > ny,

(e (o)) e

This contradicts the definition of ry. Hence we conclude that 1o = 0 or x = T'z. But

H%(a: + T — Ty

ro = 0 implies that {T™y} is a Cauchy sequence and hence lim,,, o, T™y = x = Tx.

Therefore, the set (., (a N C’) is a singleton that is a fixed point of 7.
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