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INTRODUCTION

Fixed point theory is one of the most important and rapidly developing branches of
modern mathematics. It deals with the study of points that remain unchanged under a
given mapping and has become a fundamental tool in various areas of pure and applied
mathematics. Over the past century, fixed point theory has evolved from a theoretical
discipline into a powerful framework for solving a wide range of mathematical problems.
It forms a rich blend of analysis, topology, and geometry and serves as a bridge between
pure mathematics and its applications.

The significance of fixed point theory lies in its extensive range of applications. Fixed
point results play a crucial role in the study of differential equations, integral equations,
variational inequalities, optimization problems, approximation theory, and dynamical sys-
tems. Beyond mathematics, fixed point methods have found applications in economics,
engineering, computer science, biology, physics, statistics, and many other scientific disci-
plines. Concepts such as equilibrium states in economics, Nash equilibria in game theory,
fluid flow problems, control systems, and population dynamics can often be formulated
and analyzed using fixed point techniques. Thus, fixed point theory has become an indis-
pensable tool in both theoretical investigations and practical applications.

Let X be a nonempty set and let 7" : X — X be a self-mapping. A point z € X is
called a fixed point of T' if

T(z)=ux.

In other words, a fixed point is a point that remains invariant under the action of the map-
ping. Depending on the nature of the mapping, a fixed point may be unique, multiple,
infinitely many, or may not exist at all. Therefore, one of the central objectives of fixed
point theory is to establish conditions under which a mapping admits a fixed point and to
investigate the properties of such points.

While existence theorems guarantee the presence of fixed points, it is equally impor-
tant to determine how these fixed points can be obtained in practice. In many situations,
finding an exact fixed point is difficult or impossible. This has led to the development of

iterative methods, which generate sequences converging to fixed points. Iterative tech-



niques provide constructive procedures for approximating fixed points and have become
an essential component of fixed point theory. Among the various iterative schemes pro-
posed in the literature, the Picard iteration is one of the earliest and most fundamental
methods. Introduced in connection with differential equations, the Picard iterative pro-
cess generates a sequence by repeatedly applying the mapping to an initial point. Under
suitable contractive conditions, this process converges to the unique fixed point of the
mapping. Due to its simplicity and effectiveness, the Picard iteration has become a clas-
sical tool in fixed point theory.

Another important iterative method is the Krasnoselkij iteration, which combines the
current iterate and its image under the mapping through a convex combination. This pro-
cess has been extensively studied for approximating fixed points of nonexpansive and
other classes of nonlinear mappings. The Krasnoselskij iteration often provides greater
flexibility and wider applicability than the Picard iteration, particularly in situations where
the direct application of Picard iteration is not feasible.

The study of iterative processes is motivated by the need to obtain efficient approxi-
mation methods for fixed points. New iterative schemes are frequently introduced either
to handle broader classes of mappings or to improve the rate of convergence of exist-
ing methods. Consequently, the comparison and analysis of different iterative procedures
have become important topics of research in fixed point theory. The primary objective
of this project is to study fixed point theorems and the approximation of fixed points us-
ing the Picard and Krasnoselskij iterative processes. The project begins with the basic
concepts of metric spaces, normed spaces, and iterative methods that are required for the
study of fixed point theory. It then discusses the Picard iteration together with impor-
tant fixed point results, including Banach’s Fixed Point Theorem, the Nemytzki—Edelstein
Theorem, quasi-nonexpansive operators, and Maia’s Fixed Point Theorem. Finally, the
Krasnoselskij iteration is studied for various classes of nonlinear operators such as nonex-
pansive, strictly pseudocontractive, generalized pseudocontractive, pseudo -contractive,
and quasi-nonexpansive operators. The convergence properties of these iterative methods

are examined, highlighting their significance in the approximation of fixed points.



Chapter 1

Preliminaries

Definition 1.0.1. Let X be a non-empty set. A mapping
d: X xX - R

1s called a metric or a distance on X if

(dy) d(z,y) =0 x=1y; (“separation axiom”)
(d2) d(y,r) = d(z,y), forall z,y € X; (“symmetry”)
(d3) d(z,z) <d(z,y) +d(y,z), forall x,y,z € X (“the triangle inequality”).

A set X endowed with a metric d is called a metric space and is denoted by (X, d).

Definition 1.0.2. Let (XX, d) be a metric space. The topology having as basis the family
of all open balls

B(z;r), zeX,r>0,
is called the fopology induced by the metric d.

Definition 1.0.3. A metric space (X, d) is called complete if every Cauchy sequence in

X is convergent.
Definition 1.0.4. Let (X, d) be a metric space. A mapping 7' : X — X is called:
(C1) Lipschitzian (or L - Lipschitzian ) if there exists L. > 0

d(Tx,Ty) < Ld(z,y), Vz,ye X.
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(C2) (Strict) contraction (or a-contraction) if T' is a-Lipschitzian, with a € [0, 1).
(C3) Nonexpansive if T' is 1-Lipschitzian.

(C4) Contractive if

d(Tz,Ty) < d(z,y), Vz,yeX, v#y.

(C5) Isometry if
d(Tx,Ty) = d(x,y), Vr,yeX.

Theorem 1.0.1 (Contraction Mapping Principle). Let (X, d) be a complete metric space
and letT : X — X be a given contraction. Then T’ has a unique fixed point p, and
T"(x) = p asmn — oo,

foreachz € X.

Definition 1.0.5. Let £ be a real (or complex) vector space. A norm on E is a mapping

|l-: E—R*Y

having the following properties:

(nl)
|z|| =0 <= x =0,
where 0 is the null element of £,
(n2)
[Az ]| = [A][]]],
for any x € E and any scalar A;
(n3)

[+ yll < llz[] + llyll;

for all z,y € FE (the triangle inequality).

The pair (E, || - ||) is called a normed (linear) space.
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Definition 1.0.6. A Banach space is a complete normed linear space. In other words, a
normed linear space (F, || - ||) is called a Banach space if every Cauchy sequence {z,}

in E converges to some element z € F.

Definition 1.0.7. A Banach space (E, || - ||) is said to be uniformly convex if for every

e > 0, there exists a 6 > 0 such that whenever z,y € E satisfy

lz] <1,y <1, Jlz—ylze,

then

rT+y

H<1—&

Theorem 1.0.2. Let C be a closed, bounded, and convex subset of a uniformly convex

Banach space and T : C' — C a nonexpansive map. Then T has a fixed point.
Definition 1.0.8. A normed linear space F is called strictly convex if x,y € E with
[zl = llyll =1

and

(1 =Nz + Xyl =1
for some A € (0, 1), holds if and only if x = y.

Definition 1.0.9. Let £* be the dual space of a real Banach space . The multivalued
mapping J : £ — P(E*) defined by

Jr={f e E :(fix) =zl [F, =l =1}
is called the normalized duality mapping of E.

Definition 1.0.10. Let £’ be an arbitrary real Banach space. A mapping 7" with domain
D(T) and range R(T') in E is called

(a) strongly pseudocontractive if there exists k > 0 such that for all x,y € D(T) there

exists j(z —y) € J(x — y) satisfying

(I =T)x— (I =Ty, j(x—y) > klz—y|* (1.1)
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(b) pseudocontractive if for each x,y € D(T) there exists j(z — y) € J(x — y) such
that
(I =T)x— (I =Ty, jlz—y) =0, (1.2)

where .J is the normalized duality mapping.

Definition 1.0.11. Let X be a nonempty set and 7" : X — X a selfmap. We say that
x € X is a fixed point of 7" if

T(z)==x
and denote by Fr or Fix(7') the set of all fixed points of 7.

Example 1.0.1. 1. If X = Rand T'(z) = 2% + 5z + 4, then
Fr—{-2}.
2. If X =Rand T'(z) = 2% — x, then

Fr = {0,2}.

1.1 Iterative Processes

The development of iterative processes has greatly enriched fixed point theory and its
applications. Various iterative schemes have been introduced to approximate fixed points
of different classes of mappings. Among these, the Picard, Mann, Ishikawa, Noor, and
Krasnosel’skii iterations are some of the most widely studied methods. These processes
provide constructive techniques for obtaining fixed points and have found applications in
many areas of mathematics and applied sciences. The study of iterative processes
naturally leads to the following question: if the existence of a fixed point of an operator is
guaranteed, then how can that fixed point be obtained? In general, fixed points of linear
and nonlinear mappings can be determined by either direct methods or iterative methods.
However, direct methods are not always applicable, and in such situations iterative
methods provide an effective alternative for approximating fixed points. As a result,
iterative approximation techniques have become an important tool in fixed point theory

and its applications. New iterative methods are usually introduced for two main reasons:

6



1. To approximate fixed points in situations where existing iterative processes fail.

2. To obtain a faster rate of convergence than previously known iterative methods.



Chapter 2

Picard Iteration

Let X be a non empty set and 7" : X — X be a selfmap . We say that € X is a fixed
point of T if

T(x)==x
and denote by F7r or Fix the set of all fixed points of T.
Ty =T(x, — 1) =T"(x0) n=12 ..

Let X be any set and 7' : X — X a self-map. For any given z € X, we define 7" (x)
inductively by
T(z) =2
and
T (z) = T(T" ().
We call T"(z) the nth iterate of x under 7'. In order to simplify the notations we will

often use T'x instead of T'(x). The mapping 7" (n > 1) is called the nth iterate of T'. For

any o € X, the sequence {z, },>0 C X given by
Ty =T, =T 20, n=12...

is called the sequence of successive approximations with the initial value x or the

Picard iteration starting at x .



2.1 Banach’s Fixed Point Theorem

Theorem 2.1.1. Let (X,d) be a complete metric space and T : X — X be an

a-contraction , that is an operator satisfying
d(Tz,Ty) < ad(x,y) for any x,y € X

with a € [0, 1) fixed.Then
(i) T has a unique fixed point , that is , F'r = xx ;

(ii) The Picard iteration associated to T, i,e .,the sequence {x,,}°° , , defined by
Ty =T(x, —1)=T"(x9),n=1,2, ...,

converges to x* , for any initial xo € X;

(iii) The following a priori and a posteriori error estimates hold:

d(2y, 2*) < £=d(z0,21),n =0,1,2, ...

d(x,,x*) < 1“"a1 —ad(x, —1,2,),n=0,1,2, ...

(iv) The rate of convergence is given by
d(zp,2*) < d(z, — 1,2%) < a"d(zg,2*),n=1,2, ...

Proof : Assume that *,y* € Fr and x* # y*. Since 0 < a < 1, we obtain the
contradiction

d(a”,y*) = d(Tx*,Ty") < ad(x”,y") < d(z",y").
To prove the existence of a fixed point, we show that for any =, € X, the Picard iteration
{z,}52, is a Cauchy sequence.
d(xe, 1) = d(Txy, Tx) < ad(zy,x0),
and by induction,

d(xpi1,2,) < ad(xy, o), n=20,1,2,...



Thus, for any n, p € N with p > 0,

n+p—1

d($n+p>$n) S Z d($k+1>mk)
k=n

n+p—1

< Z akd(ml,xo) (1

k=n

a’I’L
<
l1—a

d(l‘l, $0).

Since 0 < a < 1, we have " — 0 as n — oo. Together with (1), this shows that {x,,} is

a Cauchy sequence. Since (X, d) is complete, there exists * € X such that
Ty — X"
Since every Lipschitz mapping is continuous,

v = lim @iy = lim T(z,) = T( lim wn> — T,

n—»o0 n—o0 n—oo
Hence z* is a fixed point of 7'.

Therefore, for every xy € X, the Picard iteration converges to a fixed point of 7. Since
T has at most one fixed point, the limit is independent of the choice of zy and equals the
unique fixed point z*.

To prove (iii), we have

n

d(anrpuxn) < 1a d(l’o,iﬁl), vp € N

By continuity of the metric, letting p — oo yields

d(xp,, %) = d(z*, z,)

= lim d(zp4p, Tn)
pP—00

a

l1—a

To obtain the a posteriori estimation , let us notice that, by (1), we have

n

IN

d(xg, 1), n > 0.

d(wnJrl; xn) S a d(ajn; $n71)>
and, by induction,

d(@nshs Trgho1) < a¥d(Tp, 2p1), ke N,
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SO
d<xn+pa xn) < (a + CL2 + -+ ap) d<xn7 .Tn,1)

a
<

& A(Tp, Tp_1).

By letting p — oo in the last inequality, we obtain the posteriori estimation.
Definition 2.1.1. Let (X,d) be a complete metric space . A mapping 7' : X — X is

called (strict) Picard mapping if there exists * € X such that Fp = z* and

T"(x) +— «* uniformly for all zy € X.

Remarks 2.1.1. If (X,d) is a complete metric space , then any contraction

T : X — X is a Picard mapping.

2.2 Theorem of Nemytzki-Edelstein

The Banach contraction principle requires the existence of a fixed contraction constant
a < 1.Nemytzkii and Edelstein weakened this requirement by replacing the contraction

condition with a more general contractive condition.

Theorem 2.2.1. Let (X,d) be a compact metric space and ' : X — X be a contractive

operator , then T is a strict Picard operator.

Proof : A metric space is compact if and only if every family of closed subsets of X
with finite intersection property (i.e., any finite number of sets in the family has a
nonempty intersection) has a nonempty intersection. From the contractiveness of 7' we
have card Fr < 1.

Letxg € Xandz, + 1 = (1-N)x, + Az, ,n =0,1,2, ..., x, = T"x9, n > 0, be the
Picard iteration associated to 7.

Since (X, d) is compact, it results that there exists a subsequence {z,, }32, of {z,}>2,
such that {z,, }7°, converges to a certain z* € X as n tends to co. As T is contractive,
we deduce that T is continuous and that the sequence {d(x,, T,11)}°, has strictly
decreasing positive terms and hence is convergent.

Then, using the continuity of the metric, we have
limg o0 d(zp,,, Ty, ) = d(x*, T'z"),

11



therefore
d(z*, Ta*) = lim, o0 d(Tp, Tpy1) = limy, oo d(Tpy1, Tnyo) = d(Tx*, T?z*).
If x* 2 Tx*, then from the contractive condition we get the contradiction
d(x*,Ta*) = d(Tz*, T(Tz*)) < d(z*, Tx").

Consequently,

1.e.,
FT = {ZE*}

This shows that for any xy € X, the Picard iteration converges in X and its limit is the

unique fixed point of 7.

Remarks 2.2.1. For a contractive operator ,we generally have no information about the

convergence rate of Picard iteration.

2.3 Quasi-Nonexpansive Operators

In the previous sections, fixed point results were obtained for various classes of
contractive mappings. The following theorem shows that a Picard operator need not be
continuous. This observation motivates the study of more general classes of mappings.
One such important class is that of quasi-nonexpansive operators, which generalize

nonexpansive mappings while retaining useful fixed point properties.

Theorem 2.3.1. Let (X, d) be a complete metric space and letT : X — X be a

mapping for which there exists a € [O, %) such that
d(Tx,Ty) < ald(z,Tx) + d(y, Ty)],  Ve,yeX.

Then T' is a Picard operator.

12



Remarks 2.3.1. establishes that a mapping satisfying the above contractive-type
condition is a Picard operator. Hence, it possesses a unique fixed point and the Picard
iteration converges to this fixed point from any initial approximation. The significance

of this result lies in the fact that continuity of the operator is not required.

Example 2.3.1. Let X = R and define 7" : X — X by

Then:

1. T is not continuous.

2. T satisfies the condition of Theorem 2.3.1 with a = l and hence is a Picard

operator.

3. T is not nonexpansive.

This example shows that a mapping may be discontinuous and non-nonexpansive, yet
still be a Picard operator. Therefore, the class of Picard operators is broader than the

classes of continuous and nonexpansive mappings.

Corollary 2.3.1. Let the assumptions of Theorem 2.3.1 be satisfied. Then the error

estimates for the Picard iteration are given by

«
d ny - < d ) ) :07172""7
(x $)_1—04 (o, 1) n
and
«
d ) ") < d ny+n—1), 2071727"'7
(x J})_l_a (T, Tp1) n
where
a
o =
1—a

The above estimates provide bounds for the approximation error in the Picard iteration.
They indicate how close an iterate is to the fixed point and provide information about the

rate of convergence.

13



Definition 2.3.1. An operator 7' : X — X is said to be quasi-nonexpansive if T has at

least one fixed point and
d(Tz,p) < d(z,p), Ve e X,

for every fixed point p € F(T).

Remarks 2.3.2. Every contractive mapping is quasi-nonexpansive. However, the
converse is not necessarily true. Thus, quasi-nonexpansive operators form a broader

class of mappings than contractions.

Theorem 2.3.2 (Zamfirescu’s Theorem). Let (X, d) be a complete metric space and let

T : X — X be a mapping for which there exist real numbers o, 3 and y satisfying

1 1
0<a<, O§ﬂ<§, og»y<§,

such that for every x,y € X, at least one of the following conditions holds:

(z1)
d(Tz, Ty) < ad(z,y);
(z2)
d(Tz,Ty) < Bld(z,Tz) + d(y, Ty)];
(z3)

d(Tz,Ty) < ~[d(z, Ty) + d(y, Tz)].
Then T is a Picard operator.

Proof : We first fix 2,y € X. At least one of (z1), (22) or (z3) is true.
If (29) holds, then we have

d(Tx,Ty) < Bld(x, Tx) + d(y, Ty)]

< BHd(x,Tx) + [d(y,z) + d(z, Tx) + d(Tz, Ty)]} .

So
(1= B)d(Tz,Ty) < 2Bd(z, Tz) + Bd(z,y),

14



which yields

d(Tz,Ty) < ﬁd(w,T&:) + Lal(yc, ).

1-0 1-0
If (z3) holds, then similarly we get

2
AT, Ty) < 7= d(, T2) + 77— d(z.y).

Therefore, denoting

_ s gl
(5—max{a, =3 1]

we have 0 < § < 1 and then, for all z,y € X, the following inequality
d(Tz, Ty) < 20d(z,Tx) + dd(x,y).

holds. In a similar manner we obtain
d(Tz, Ty) < 20d(z, Ty) + 0 d(z,y),

valid forall z,y € X.

From (4) it follows that card Fr < 1. We will show that 7" has a (unique) fixed point.

Let xy € X be arbitrary and {x,,}°°,
xn, =T xg, n=20,1,2,...,

be the Picard iteration associated to 7.

If x := x,, y:= z,_, are two successive approximations, then by (16) we have

d(xn+1a :L'n) S d d(xru xn—l)-

From this we deduce that {x,,}2° , is a Cauchy sequence, and hence a convergent

sequence, too. Let 2* € X be its limit. In particular we have
lim d(x,.1,2,) =0.
n—oo
By the triangle inequality and (4) we get
d(z*,Tz*) < d(z*, xpy1) + d(Tx,, Tx™)

< d(z*,xpy1) + 0d(z*, x,) + 20d(xy,, Ty,

15
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which, by letting n — oo, yields
d(z*,T2") =0 < 2" =Ta",

since

d(xy,, Tx,) = d(zp, Tpi1) — 0,

and therefore

Fr={2"} and =z, — 2" (n — 00),

for each zy € X.

Zamfirescu’s theorem generalizes several classical fixed point results, including
Banach’s contraction principle, Kannan’s theorem and Chatterjea’s theorem. The
theorem shows that it is sufficient for one of the three contractive conditions to hold for
each pair of points. Under these assumptions, the mapping possesses a unique fixed

point and the Picard iteration converges to this fixed point.

2.4 Maia’s Fixed Point Theorem

Definition 2.4.1. Let (X,d) be a nonempty set. Amap 7" : X — X is said to be a

Bessaga mapping if there exists +* € X such that
Ff =a*foralln € N

Every Picard mapping is a Bessaga mapping . However , the converse is not necessarily

true . Hence,the class of Bessaga mappings is broader than the class of Picard operators.

Theorem 2.4.1. Let X be a nonempty set, T' : X — X a mapping satisfying I’} = x* for
alln € Nand a € (0, 1) given number. Then there exists a metric d on X such that
(a) (X,d) is a complete metric space;

(b) T is an a-contraction with respect to d.

Theorem 2.4.2. Let X be a nonempty set, d and p two metricson X and'T : X — X a

mapping. Assume that

(i) d(z,y) < p(z,y), forallz,y € X ;
(ii) (X,d) is a complete metric space;

16



(iii) T : (X, d) — (X, d) is continuous;
(iv) T : (X, p) — (X, p) is an a—contraction with a € [0,1) .
Then T is a Picard mapping.

Proof : Let o € X be arbitrary and let
{xn}zo:m Tp = Tnx(h n = 07172;-..7

be the Picard iteration associated to 7.

From (iv), using the same arguments as in the proof of Theorem 2.1.1, we deduce that
{z,}22, is a Cauchy sequence in (X, p).

By (i), it follows that {xz,, }°° , is a Cauchy sequence in (X, d) as well, and by (ii), we
deduce that it converges to a certain z* in X.

Now, by (iii), z* € Fr and, by (iv),
FT = {33'*}

Remarks 2.4.1. Maia‘s theorem provides a unified framework for studying fixed points
of generalized contractive mappings . It demonstrates that the convergence of Picard

iteration can be guaranteed even when the mapping is not contractive with respect to the
complete metric, thereby extending the applicability of Banach‘s contraction principle to

a wider class of operators.
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Chapter 3

The Krasnoselskij Iteration

3.1 Nonexpansive Operators and Krasnoselskij
Iteration

Picard iteration is a powerful method for approximating fixed points of contractive
mappings. However, for nonexpansive mappings, Picard iteration may fail to converge.

To overcome this difficulty, Krasnoselskij introduced the iteration

Topr1 = (1 = Nz, + Nz, 0< A<,

which combines the current iterate with its image under the operator 7'. This averaging
process improves convergence properties and is widely used in fixed point theory.

This chapter studies Krasnoselskij iteration for nonexpansive, strictly pseudocontractive,
generalized pseudocontractive and pseudo p-contractive operators.

Existence of Fixed Points

The foundation of the theory is provided by the Browder-Gohde-Kirk Fixed Point

Theorem.

Theorem 3.1.1. Let C be a closed, bounded and convex subset of a Hilbert space H, and

T : C — C be a nonexpansive operator . Then T possesses at least one fixed point.
Proof : For a fixed element vy € C and a number s with 0 < s < 1, we denote
Us(z) = (1 — s)vg + sTx, xz e C.
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Since C'is convex and closed, we deduce that
U,:C—C

is an s-contraction ,it has a unique fixed point, say u;.
On the other hand, since C' is closed, convex and bounded in the Hilbert space H, it is

weakly compact. Hence we may find a sequence {s;} in (0, 1) such that
s;— 1 (j = o)

and

U; = Usj

converges weakly to an element p of H.
Since C' is weakly closed, p lies in C'. We shall prove that p is a fixed point of 7. If u is

any arbitrary point in H, we have

luj = ull® = 1w = p) + (P = w)II* = [lu; = plI* + llp — wl® + 2(w; — p.p — ),

where

since u; — p converges weakly to zero in H.

Setting v = T'p above, we obtain

tim (llu; = 79l = ;= pI*) = lIp = Tp|
J—00

Moreover, since s; — 1 and U, u; = u;, we have

Tuj —uj = [s;Tu; + (1 — s)vo] — uy + (1 — s;)(Tu; — vo)
= (Us;u; — uy) + (1 = ;) (T'uj — vo)
=0+ (1 — 8j>(TUj — ’Uo) — 0,

as j — oo, and therefore

Jim [[Tu; —us|| = 0.
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On the other hand, since 7" is nonexpansive, we have

[ Tu; — Tpl| < llu; —pll,

and hence

luj — Tpll < |luj — Tuyl| + [Ty — Tp|| < |luj — Tugl| + |luy — pl|.

Thus

tim sup(flu; — Tl = Ju; = pl) < lim [ju; — Tu;]| = 0.

Jj—o0

Due to the boundedness of C, we have also

tim sup[ju; — Tp|* — lu; = p|*) = limsup(lu; = Tp]| — Jlu; = pl]

J—00 J—00

X ([[uj = Tpll + llu; — pl)

<0.

Therefore,

tim (u; = Tpll* = s = plI*) =0,

Jj—o0
and hence

lp = Tpl* = 0,
that is,
p="Tp.

Therefore p is a fixed point of 7.

Definition 3.1.1. Let H be a Hilbert space and C a subset of H. A mapping7' : C' — H is
called demicompact if it has the property that whenever u,, is a bounded sequence in H
and T'u,, — u,, is strongly convergent, then there exists a subsequence u,,k of u,, which is

strongly convergent.
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lemma 3.1.1. Let C be a bounded closed convex subset of a Hilbert space H and
T : C'+— C be a nonexpansive and demicompact operator. Then the set Frr of fixed

points of T is a nonempty convex set.
Proof : Let x,y € F(T') and A\ € [0, 1]. Define
uy = (1 =Nz + A\y.
Since 7' is nonexpansive,
[Tux =2l = [|Tux = Txl| < Jlux — =[],
and
[Tux = yll = [[Tux = Tyl < [lux =yl

Hence,

2 =yl < llz = Turll + | Tur — yll < [lz =yl
Therefore, equality holds throughout. Consequently, there exist a, b € [0, 1] such that
r—Tuy = a(r —uy),
and
y—Tuy = by — uy).
Since
uy = (1 - XNz + My,
it follows that

TU)\ = U).

Thus,
Uy € F(T),

which proves that F'(T') is convex.

Theorem 3.1.2. Let C be a bounded closed convex subset of a Hilbert space H and
T : C' v+ C be a nonexpansive and demicompact operator .Then the set Fr of fixed
points of T is a nonempty convex set and for any given xq in C and any fixed number \

with 0 < \ < 1, the Krasnoselkij iteration {z,, }°° , given by
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o+ 1=(1-Nz, +Ar,,n=0,1,2, ...
converges (strongly) to a fixed point of T.

Proof : The first part follows by Lemma 3.1.1 For any x( € ,the sequence

{z,}520,n = 0 given by( z,, + 1 = (1-\)z,, + Az,,,n = 0,1,2, ... )lies in C and is
bounded.Let p be a fixed point of T,and,so of the averaged map A . We first prove that
the sequence {z,, — Tz, },en converges strongly to zero.

Indeed,
Tpy1 —p=1=Nzp+ ATz, —p=(1—- X\ (2, —p) + NTx, — p).
On the other hand, for any constant a,
a(x, — Tz,) = a(z, —p) — a(Tx, — p).
Then
ns1 = 2l = (1= A)?[len = plI* + N[ T2n = pl* + 201 = A(Tn — p, 20 = p),
and
|2y = Tol|* = @®l|wn — pl* + (| Twn — pl* = 20*(Twy — p, 20 — p).

Hence, summing up the corresponding sides of the two inequalities and using the fact

that 7" is nonexpansive and T'p = p, we get

a1 = pI* + @*l|lzn — Taal* < [20” + X* + (1= A)*] [l — plI*
+ [2A(1 = A) — 2a*|(T'z,, — p, z, — D).

If we choose now an a such that
a®? < A1 —\),

then from the last inequality we obtain

i1 =PI+ a?lfn = Twall? < (202 + A2+ (1= 22 + 20(1 = X) - 20%) |1z, = p?
= llz = o,

22



where we used the Cauchy—Schwarz inequality,

Letting now

a2 =\1-)\) >0,

and summing up the obtained inequality, we get

a*|lzn = Taal* < [lzn = plI* = ll2nss — pII*.

Summing forn =0ton = N,

N N
A=Y llew = Taal? < (lan = ol = 2w = pl?),
n=0 n=0
hence

N
AL =) Mz = Txal? < o = pl* = loner = pl* < llzo — p]I*

n=0

Therefore,

(o)
> lwn = Taa|* < o0,
n=0

which shows that

|zn — Tay|| = 0, n — 0o.

As T is demicompact,it results that there exists a strongly convergent subsequence z,,,
such that z,,, — p € Fr . Since T is nonexpansive , Txni — T, and T'p = p .The
convergence of the entire sequence {z,,}°° , to p now follows from the inequality

|zn + 1 —p|| < ||z, — p|| which can be deduced from the nonexpansiveness of T and is

valid for each n.

Remarks 3.1.1. This theorem establishes that the averaged iteration successfully
approximates a fixed point whenever the operator is both nonexpansive and

demicomicompact.
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Theorem 3.1.3. Let C be a bounded closed convex subset of a Hilbert space and let
T : C'+— C be a nonexpansive operator. Then, for every xo € C the Krasnoselskij

iteration converges weakly to a fixed point of T.

Proof : Let I be the set of all fixed points of 7" in C' (which is nonempty, by Theorem
3.1.1 and convex, by Lemma 3.1.1). As 7" is nonexpansive, for each p € F'r and each n

we have

|Zns1 — 2l < [Jzn — Pl

which shows that the function

g(p) = lim [lz, — p|

is well defined and is a lower semicontinuous convex function on Fr. Let

do = inf{g(p) : p € Fr}.

For each £ > 0, the set

Fo={y:g(y) < do+e}
is closed, convex, nonempty and bounded and, hence, weakly compact. Therefore

() F#0,

e>0

and in fact

(VF={y:9(y) = do} = F.

e>0

Moreover, [y contains exactly one point. Indeed, since F{ is convex and closed, for

Po, 1 € Fp, and

pr = (1= X)po + Ap1,

we have
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g*(pa) = lim [[py — ||

= Tim [A(pr = ) + (1= N (po — )|

:Zg&(ﬁmh—xﬂﬁ+(1—AVWm—xdf
+2M(1 = A){(p1 — T, po— xn>>

= lim (W2[lpr = || + (1 = 2)?lpo —
+20(1 = Nllps = 2l lpo — 2l

—h&&{%ﬂ—%”@r—%»m_$0

~ 1o = all lpo — ] }

= g%(p) + lim {221 = M) [(p1 = 20, po — 22)

— o1 = @all lIpo — 2] }-

Hence

tim {201~ N)[(p1 — . 20— ) — o1 — 22 20 — 2] } = 0.

n—o0

Since

le - xn” — dp and HPO - xn“ — dy,

the latter relation implies that

I = poll* = 1(p1 — za) + (20 — po)

= ||p1 - 'r’fl||2 + ”xn _pOH2 - 2<p1 — Tn, Po — In>

— d2+di—2d3 =0,

giving a contradiction.

Now, in order to show that
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_T1m
Tp = U)\JJO — Do,

it suffices to assume that

Tp, =P

for an infinite subsequence and then prove that p = py.
pe F(T).
Considering the definition of g and the fact that

I"rlj 4p7
we have
|20, — poll* = ||lzn, =+ — pol*
= ||:Bn] _pH2 + ||p _pOH2 - 2<xn] -—Db, P _p0>
— ¢*(p) + lIp — poll” = ¢*(po) = di.
Since

9*(p) = dy,
the last equality implies that
lp = poll* < 0,
which means that
P = Po.

Remarks 3.1.2. Even without demicompactness , convergence to a fixed point is

guaranteed in the weak sense.

26



3.2 Strictly Pseudocontractive Operators

In this section, we study the convergence of the Krasnoselskij iteration for the class of
strictly pseudocontractive operators. This class is broader than the class of nonexpansive

mappings and therefore extends the applicability of fixed point approximation methods.

Definition 3.2.1. Let C' be a subset of a Hilbert space H. A mapping
T:C—=C

is said to be strictly pseudocontractive if there exists a constant £ < 1 such that

1Tz — Ty|* < [lo = yl* + &[[(I = T)a — (I = T)y]*,
for all z,y € C, where I denotes the identity operator.

Strictly pseudocontractive mappings form a larger class than nonexpansive mappings

and arise naturally in several problems of nonlinear analysis.

Theorem 3.2.1. Let C be a bounded closed convex subset of a Hilbert space H, and let
T:C—=C

be a strictly pseudocontractive operator. Suppose there exists a constant k < 1 such that

1Tz = Ty|I* < |z =yl + k(I - T)a = (I =Tyl*>, =xyeC.

Then, for any xo € C and any fixed | satisfying

O<pu<l-—k,

the Krasnoselskij iteration

Tpi1 = (1 — p)x, + pTx,, n=0,1,2,...,

converges weakly to a fixed point p of T'. Furthermore, if T is demicompact, then the

convergence is strong.
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Proof : We denote as usual

T, = (1—t)] +1T

and show that 7} is nonexpansive. Indeed, by the pseudocontractiveness condition , it

follows that

is strongly monotone, i.e.,

Uz =Uy, x—y) >m|Uz =Uy|?, m=-——>0.

Then, for any ¢ > 0,

|1Tix — Toyl* = |I(1 — tU)z — (I — tU)yl|*

= ||z — ylI* + £|Uz — Uy||* - 26(Uz — Uy, = —y)

< |z —y|)? + (2 — 2tm) |Uz — Uy|*.

Now, if we take

t<2m=1-k,

then from the preceding inequality we obtain

[ Tew = Tyl <z —yll,  2yed,

which shows that 7} is nonexpansive.

T; (and therefore 1) has a fixed point p, in C', and for any fixed A with

0< A<,

the Krasnosel’skij iteration
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n = (T1)x(w0)

associated to 7} converges weakly to some fixed point p of 7" in C'.

But the iteration function (7}), is in fact

(Ti)x = (L= NI + AT,

= (1= NI+ A[(1—t)] +1¢T]

= (1= M)+ MT =T,,

with

p=M<t<1—k

In order to prove the second part of the theorem, it is enough to show that 7}, is
demicompact.

But this follows from the demicompactness of 7" using the equality

T, —z=puTr— ),

valid for every x € C.

The significance of the above theorem lies in the fact that the convergence of
Krasnoselskij iteration is no longer restricted to nonexpansive operators. By introducing
the class of strictly pseudocontractive mappings, the theorem considerably enlarges the
range of operators for which fixed points can be approximated. The theorem also
highlights the importance of demicompactness. Without this assumption, only weak
convergence is guaranteed. When demicompactness is present, weak convergence is

strengthened to strong convergence.
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3.3 Lipschitzian and Generalized Pseudocontractive
Operators

In the previous section, Krasnoselskij iteration was studied for strictly pseudocontractive
operators. We now consider a broader class of mappings known as generalized
pseudocontractive operators. When such operators are also Lipschitzian, strong
convergence results for the Krasnoselskij iteration can be established.

Although strictly pseudocontractive operators and generalized pseudocontractive
operators are closely related, neither class is contained in the other. Consequently, it is

important to investigate generalized pseudocontractive mappings independently.

Definition 3.3.1. Let H be a Hilbert space and let
T:H— H.

The operator T is called a generalized pseudocontractive operator if there exists a

constant > 0 such that

ITe — Tyll? < lle =yl + | T2 — Ty — vz — )P,
forallz,y € H.

The above condition is equivalent to

(Tx —Ty,z —y) < rllz—y|*

forallz,y € H.

Furthermore,

(I =Tz —(I=T)y,x—y) > (1—7)llz -yl
which shows that the operator I — 7' is strongly monotone whenever r < 1.

Definition 3.3.2. An operator 7" : H — H is said to be Lipschitzian if there exists a

constant s > 0 such that
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[Tz =Tyl <slz—yll,  2yeH.

The constant s is called the Lipschitz constant of T'.

The combination of generalized pseudocontractivity and Lipschitz continuity leads to an

important convergence theorem for Krasnoselskij iteration.
Theorem 3.3.1. Let K be a nonempty closed convex subset of a real Hilbert space and

let

T:K—+K

be a generalized pseudocontractive and Lipschitzian operator with constants r and s

satisfying

0<r<l, r <s.

Then:

1. T has a unique fixed point p.

2. Forevery xg € K, the Krasnoselskij iteration

Tppr = (1 = Nz + Nz, n=0,1,2,...,

converges strongly to p whenever

0<A<y 2_(12;1)52
3. Both the a priori estimate
|z — pl| < &5 @1 — 2o, n=12...
and a posteriori estimate
|2, —pll € 15 o0 — 20,  n=12,...
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hold, with
1/2
6= ((1 )2 201 = A+ X232>

Proof : We consider the averaged operator F associated to 7,

Fyx=(1—- XNz + Mz, e K.

forall A € [0,1].

Since K is convex, we have that

F(K)C K

for each A € [0, 1].

As a closed subset of a Hilbert space, K is a complete metric space. We claim that F' is a
1/2

f-contraction with 6 given by 6 = ((1 = A2+ 201 = Nr + )\232> :

Indeed, since 7" is generalized pseudo-contractive and Lipschitzian, we have

|Fz — Fy|* = [|[(1 = Nz + ATz — (1 = Ny — ATy
=11 = N(z —y) + MTz = Ty)|?
= (1= N[z —yl?
+ 201 =Tz - Ty, = —vy)
+ \2|| Tz — Ty

< (1= 22+ 220 = W)+ 222 2 = g2

Therefore,

[Fz = Fyl| <0z —yll,  VayekK

Hence F' is a f-contraction.
The theorem establishes that a generalized pseudocontractive and Lipschitzian operator

defined on a closed convex subset of a Hilbert space possesses a unique fixed point.
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Moreover, it guarantees that the Krasnoselskij iteration converges strongly to this fixed
point for every initial approximation, provided that the relaxation parameter \ satisfies
the prescribed condition. The theorem therefore provides both the existence of a solution

and a reliable iterative procedure for approximating it.

Theorem 3.3.2. Under the assumptions of Theorem 3.3.1, the fastest Krasnoselskij

iteration in the family

Tpi1 = (1 = Nz, + Nz,

is obtained when

1—r
Anin = T ot 5P
Proof :
flx)=(1—2)*+22(1 —2)r + 2?57,
Expanding,
fx)=1—=2r+sH2° - 2(1 —r)z +1, z € (0,a),
where

2(1—r)
a@=—"".
1 —2r+ s?
the Lipschitzian constant s and the generalized pseudo-contractivity con- stant r fulfill

the conditions 0 < r < landr < s.

1-2r+s>(1—-7)?2>0.

Hence f admits a minimum, attained at

T = )\mina

where

1—17r

Apin = ———————.
T 9y 82
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The minimum value of f is

§2 _ p2

o =1 o

Therefore, the minimum value of 8 is

. §2 _ g2 1/2
AT =2 4 82 '

This theorem identifies the optimal choice of the relaxation parameter \ for the

that completes the proof.

Krasnoselskij iteration. Among all admissible values of A , the value

hoin = =T
r+s

produces the fastest convergence to the fixed point. Thus, while Theorem

3.3.1guarantees convergence, Theorem 3.3.2 determines the most efficient iteration

within the Krasnoselskij family. This result is particularly important in practical

computations, where the speed of convergence plays a crucial role in reducing

computational effort.

3.4 Pseudo p-Contractive Operators

Pseudo p-contractive operators provide a unified framework for studying several
important classes of nonlinear operators arising in fixed point theory. This class includes
contractions, nonexpansive operators, pseudocontractive operators, strictly
pseudocontractive operators and generalized pseudocontractive operators as special
cases. Hence, many convergence results can be investigated within a single theoretical
setting.

The relationships among these classes can be expressed as

CQC01CCQCCSCC47

where (|, denotes the class of contractions, C'; the class of nonexpansive operators, Cs
the class of strictly pseudocontractive operators, C'3 the class of pseudocontractive

operators and C) the class of generalized pseudocontractive operators.
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A pseudo p-contractive operator is defined by means of a comparison function , which

generalizes the contraction condition and allows a wider class of mappings to be studied.

Definition 3.4.1. Let H be a Hilbert space and let 7' : H — H. Then T is said to be a

(strictly) pseudo p-contractive operator if there exist constants a, b, ¢ € R satisfying
a+b+c=1,

and a comparison function

T2 R+ - R+,
such that
allz —ylI? + b(Tx — Ty, —y) + || Tz — Ty|]> < @*(||z — yl]),

forallz,y € H.
If the inequality is strict whenever = # y, then T is called a strictly pseudo -contractive

operator.

Examples

The class of pseudo (-contractive operators contains several important classes of

operators as special cases.

1. Every Lipschitzian operator is a pseudo (-contractive operator for a suitable

comparison function ¢.
2. Every pseudocontractive operator is a pseudo p-contractive operator.
3. Every generalized pseudocontractive operator is a pseudo ¢-contractive operator.
4. Every strictly pseudocontractive operator is a pseudo ¢-contractive operator.

5. Every strongly pseudocontractive operator is also a pseudo -contractive operator.

These examples show that the class of pseudo y-contractive operators unifies several

important operator classes studied in fixed point theory.
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Theorem 3.4.1. Let K be a nonempty closed convex subset of a real Hilbert space H

and letT : K — K be a strictly p-contractive operator. Then:
1. T has a unique fixed point p € K.
2. Foreach xy € K, the Krasnoselskij iteration
Tpr1 = (1 = Nz, + Nz, n=0,1,2,...,
converges strongly to p, for every X € (0,1).
3. If, additionally, ¢ is a (c)-comparison function, then
lon = pll < s(llzn — 2asal)y n=1,2,...,
where

s(t) =Y ¢H (1)

denotes the sum of the comparison series.

Proof : Let
F(z)=(1—Nx+ Tz, z € K,

where A € (0, 1).
Since K is convex and T'(K) C K, it follows that F'(K) C K.

Moreover, for every x,y € K,

1F(z) = F)lI* < &*(llz = yl)-

Hence,
1F(z) = F(y)ll < ¢z —yl),

which shows that F' is a p-contractive mapping.

Since K is a closed subset of the Hilbert space H, it is complete. Therefore, every
p-contractive mapping on a complete metric space has a unique fixed point, and the
corresponding Picard iteration converges to this fixed point. Hence, F' has a unique fixed
point p € K.

Since

F(p)=p < (1 =XNp+ XTp=np,
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it follows that T'p = p. Thus, p is the unique fixed point of 7.

Further, the Picard iteration associated with F' is
Tpr1 = Fx,) = (1= Nz, + Nz,
which is precisely the Krasnoselskij iteration. Therefore,
Tp =D asn — oo.
Finally, if ¢ is a (c¢)-comparison function, then the following a posteriori estimate holds:
lzn = pll < s(lzn = 2niall),  n=12,...,

where

This completes the proof.

3.5 Quasi-Nonexpansive Operators

Quasi nonexpansive operators form an important class of mappings in fixed point theory.
Every nonexpansive operator is quasi nonexpansive, but the converse is not necessarily
true. Consequently, convergence results for quasi nonexpansive operators extend the

applicability of iterative methods to a broader class of mappings.

Definition 3.5.1. A mapping 7' : D — D is said to be quasi nonexpansive if

[Tz —pll <llz—pl, xeD,

for every fixed point p € F'(T'), where

F(I)={x€eD:Tx=ux}

denotes the set of fixed points of 7.
The convergence of Krasnoselskij iteration for quasi nonexpansive operators can be
established under an additional contractive-type assumption known as the Frum—Ketkov

condition.
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Frum—Ketkov Condition

An operator 7' : D — D is said to satisfy the Frum—Ketkov condition if there exist a

compact convex subset /& of D and a constant & € (0, 1) such that

d(Tz,K) < kd(x, K), r €D,

where

d(a, K) = inf{|lz — y| : y € K}

denotes the distance from the point x to the set K.

This condition implies that the image 7T'x is always closer to the compact set /' than the
point z itself. Therefore, repeated application of the operator gradually moves the
iterates toward the set K, which plays an important role in establishing convergence.

The main convergence result of this section is given below.

Theorem 3.5.1. Let D be a closed convex subset of a strictly convex Banach space and
let'T": D — D be a conditionally quasi nonexpansive operator satisfying the
Frum—Ketkov condition. Then, for every xo € D and every A € (0, 1), the Krasnoselskij

iteration

Tpr1 = (1= Nz, + X1z,
converges to a fixed point of T.

Proof : Consider the averaged operator

T, = (1= w)I + T,

where 0 < p < 1 — k. Using the strict pseudocontractivity condition

|Tw — Tyl> < o — yll> + k||(I = T)x — (I - Tyl

it can be shown that 7}, is nonexpansive. Hence, the Krasnoselskij iteration

Tpy1 = Ty = (1 — )z, + pI'zy,
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is well defined.

Since C'is a bounded closed convex subset of a Hilbert space, the convergence results
for nonexpansive mappings imply that the sequence {x,,} converges weakly to a fixed
point p € F'T.

If T 1s additionally demicompact, then weak convergence together with the

demicompactness property yields strong convergence. Therefore,

:En_>p7

where p is a fixed point of 7.

Remarks 3.5.1. This theorem guarantees the convergence of the Krasnoselskij iteration
for conditionally quasi nonexpansive operators satisfying the Frum—Ketkov condition.
The theorem shows that, starting from any initial approximation, the iterative sequence
converges to a fixed point of the operator. Thus, the result extends the convergence
theory of Krasnoselskij iteration beyond nonexpansive mappings and demonstrates its

effectiveness for a wider class of nonlinear operators in strictly convex Banach spaces.
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