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Introduction

Many mathematical models in science, engineering, and physics are expressed as
operator equations of the form

Tz =y,

where T' is an operator, x is the unknown solution, and y is the given data. In
many practical applications, the objective is to determine the unknown quantity
from indirect or noisy observations. Such problems are often ill-posed, meaning
that they fail to satisfy one or more of the conditions of existence, uniqueness, or
continuous dependence of the solution on the data.

An important class of ill-posed problems is formed by compact operator equa-
tions. A classical example is the backward heat conduction problem, in which the
initial temperature distribution is reconstructed from later observations. Since small
errors in the data may produce large errors in the solution, direct inversion is gen-
erally unstable.

To obtain meaningful approximate solutions, methods such as the Linear Least
Residual Norm (LRN) solution and the generalized inverse are used. These tech-
niques play an important role in the study of inverse problems and provide stable
approximations when an exact inverse does not exist.

This project presents the basic theory of ill-posed operator equations, compact
operator equations, the backward heat conduction problem, the Linear Least Resid-

ual Norm solution, and the generalized inverse.



Chapter 1

PRELIMINARIES

1.1 Basic concepts and definition

Definition 1.1.1. A linear space (or vector space) over a field F (where F = R
or C) is a non-empty set X together with two operations, namely vector addition
and scalar multiplication, satisfying the following azrioms for all x,y,z € X and

a, B eF:

—

. xty=y+x.

2. (z+y)+z=z+(y+2).

3. There exists an element 0 € X such that x + 0 = x.

4. For every x € X, there exists an element —x € X such that x + (—z) = 0.

a(z + y) = ax + ay.

Ty

6. (a+ B)xr = ax + .
7. a(Bz) = (af)z.
8. lx = x, where 1 is the multiplicative identity in F.

Example 1.1.1. The set R™ with the usual vector addition and scalar multiplication

is @ linear space over R.



Definition 1.1.2. Let X be a vector space over R or C. A function
[ 1+ X = [0,00)

is called a morm on X if, for every x,y € X and every scalar o, the following
properties hold:

1. Positive definiteness:

|lz|| =0, and|z| =0 <= z=0.
2. Homogeneity:
lez]| = |af [lz].
3. Triangle inequality:
Iz +yll < llz] + [lyll-

A wvector space equipped with a norm is called a normed vector space (or simply a

normed space ).

Definition 1.1.3. A normed linear space is a vector space V' together with a norm

|| - || such that for all z,y € V' and any scalar a,

1. Non-negativity:

|z]| = 0, |z]| =0 <= z=0.
2. Homogeneity:
loz]| = fe [|]].
3. Triangle Inequality:
lz+yll < |zl + [lyll-

If these three properties hold, then (V.|| - ||) is called a normed linear space.

Example 1.1.2. Euclidean Space R?
Let
V=R?={(z,y):2,y € R}.

Define the norm by

Iz, )|l = vV + 2.
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Definition 1.1.4. Let X be a linear space over F, where F = R or C. An inner

product on X is a mapping
(): XxXX—>TF
such that, for all x,y,z € X and a € F,

1. {(z,x) >0, and (x,x) =0 if and only if x = 0.

2. (z,y) = (y,z).
3. (ox+y,2) = alz, 2) + (Y, 2).

Definition 1.1.5. A linear space X equipped with an inner product (-,-) is called

an tnner product space.

Definition 1.1.6. A Hzilbert space is an inner product space H that s complete

with respect to the norm induced by the inner product, that is,
lz] = V{z,2), =zeH
Definition 1.1.7. Let X and Y be linear spaces over the same field F. A mapping
T:X—=Y
is called a linear operator if, for all x,y € X and o, € T,
T(azx + By) = oT'(z) + BT (y).
Example 1.1.3. Define T : R? — R? by
T(z,y) = 2z —y, -+ 3y).
Then T is a linear operator.
Definition 1.1.8. Let X and Y be normed linear spaces. A linear operator
T:X—=Y
is called a bounded linear operator. If there exists a constant M > 0 such that
|Tz|| < M||z||, Vz e X.
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The set of all bounded linear operators from X into Y is denoted by
B(X,Y)={T: X =Y : T is a bounded linear operator}.
If X =Y, we write
B(X) = B(X, X).

Definition 1.1.9. Let X and Y be normed linear spaces, and let T': X — 'Y be a

bounded linear operator. The norm of T', called the operator norm, is defined by
IT|| = sup{||T|| : [J=]| < 1}.

Equiwvalently,

T
7 = sup 121
o Tl

Definition 1.1.10. Let T': X — Y be a linear operator. The range (or image) of
T is defined by
R(T)={Tz:z€ X}.

That is, R(T) is the set of all images of elements of X under the operator T.
Let T : X =Y be a linear operator. The null space (or kernel) of T' is defined by

N{T)={ze X :Te=10}.
That is, N(T) consists of all vectors in X that are mapped to the zero vector in'Y.

Definition 1.1.11. A linear operator P : X — X on a linear space X is called a

projection operator or simply a projection if

Bty =%; Vz € R(P).
Thus, a linear operatorP : X — Xis a projection operator if and only if P* = P

Definition 1.1.12. Let H be a Hilbert space and let M be a closed subspace of H.
A linear operator

P:H— H
is called the orthogonal projection onto M if, for every © € H, there exists a
unique decomposition

L=+
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where u € M and v € M+, and

P =%

Theorem 1.1.1. (Projection Theorem) If X is a complete subspace of an inner

product space, then
X=Xo+X; and (X3) =X

In particular, the above conclusion holds if Xy is a closed subspace of a Hilbert space

X. Then, every x € X can be uniquely written as
r=u-+v with u € Xg, v € Xd‘,
and in that case, P : X — X defined by
Pig) =14, rze X,
is seen to be an orthogonal projection onto X, i.e.,
R(P) = X, N(P) = X;.

Proof. Let x € X. Since X is a complete subspace of the inner product space X,

there exists a unique element v € X, such that
|z — ul| = inf{||z — 2| : z € Xo}.

Put

V=2 —u

We claim that v € X"

Let y € Xy and t € R. Since w is the best approximation to x from Xy, we have
o = ull® < flz — (u+ ty)]
Since x — u = v, this becomes
o]l < [lv — ty[|*.

Expanding,

v —tyl|* = |v]1* — 2t (v, y) + £|ly||>.

‘I}
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Hence,

—2t(v, y) + £*[|y[|I* > 0

for every t € R. Therefore,
(v,y) =0

for every y € Xy. Thus,

v e Xg.

Hence every x € X can be written as,
r=u-+1v,

where v € Xy and v € XOL.

To prove uniqueness, suppose
T = U]+ U = Uy + Vs,
where u;,us € Xy and vy, vo € Xg. Then

Uy — U = Vg — .

The left-hand side belongs to X, while the right-hand side belongs to X;. Hence

u; —up € Xo N X5 = {0},
S0 uy = up and consequently vy = v,. Therefore,
X=X & X{jl ;

Also,
(th")L = Xo.

This completes the proof.

O

Definition 1.1.13. Let X and Y be normed linear spaces, Xy be a subspace of X,

and let

T:Xy—Y
be a linear operator. The graph of T is defined by
G(T)={(z,Tz) :z € Xo} C X x Y.
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The operator T is said to be a closed operator if its graph G(T) is a closed subset
of the product space X x Y.

Theorem 1.1.2. (Closed Graph Theorem) Let X and Y be Banach spaces and

Xo be a subspace of X. Then a closed linear operator
T:Xg—>Y

is continuous if and only if X is closed in X.

Definition 1.1.14. Let X and Y be normed linear spaces and let
T:X—=Y

be a linear operator. The operator T is said to be a compact operator if for
every bounded subset E of X, the set T(E) has compact closure in Y . Equivalently,
T is compact if for every bounded sequence {x,} in X, the sequence {Txz,} has a

convergent subsequence in Y .

Example 1.1.4. Let X = (*, and define the operator T : (> — 2 by

Lz T3 Ly
T(R?l,.'{?g,ilfg,...) = (il?l,— SRR Rt R I
Since 71—1 — 0 as n — o0, the sequence of coefficients tends to zero. Hence, the image
of every bounded sequence under T has a convergent subsequence. Therefore, T is a

compact operator.



Chapter 2

ILL-POSED EQUATIONS

2.1 well posed equations

Let T': X — Y be a linear operator between normed linear spaces X and Y. The
operator equation

Te=9
is said to be well-posed if for every y € Y, there exists a unique solution € X, and
the solution depends continuously on y.

Equivalently, T" is bijective and
TV X
is continuous.

Example 2.1.1. Consider the initial value problem

dy
Z=2%, 0=
Let
D: C[0,1] — C]0,1]
be defined by
o dy
Bif) = Dy = —.
(f)=1r, y=—

(i) Existence Separate the variables:

dy

= 2.
dt y

9



W,

2 L.
On integrating,
o=/
which gives
Shnlyl=i+C

Hence,

In|y| = 2t + C},
where Cy = 2C'. Therefore,
y=Ce®.

(1) Uniqueness Using the initial condition,

y(0) = wo,

we obtain
Cli= Yo-
Hence,

y(t) = yoc™.

(iiz) Continuous Dependence on the Initial Data Let the initial value change from

yo to yo + 0. The corresponding solution is
y(t) = (yo +d)e™.

Then

[7(t) — y(t)] = |d]e™.
Hence,

lim [7(f) — y(t)] = 0.

Therefore, the initial value problem is well-posed.

10



2.2 Ill-Posed Equations
The operator equation
Te=y

is said to be ill-posed if at least one of the conditions of well-posedness fails.
Example 2.2.1. Backward heat conduction problem:

" Mutsl d=yls, e e,

0

where

2 oo
=— E * sin(ns) sin(nt).
m
=1

Theorem 2.2.1. Let T : H — H be a compact operator on a Hilbert space H. If

{ion} is an orthonormal basis and
Tp'n — éuiﬁm

then

3, =0 as n — 0.

Theorem 2.2.2. Let T': H — H be an operator. If there exists a constant ¢ > 0

such that

ITfll Zellfll - forall f €H,

then T~ is bounded.

2.3 A Backward Heat Conduction Problem

Let u(s,t) represent the temperature at a point s on a thin wire of length ¢ at time
t. Assuming that the wire is represented by the interval [0, /] and its end-points
are kept at zero temperature, it is known that u(-,-) satisfies the partial differential
equation

ou 0%

11



with boundary condition

u(0,t) =0 = u(f,1). (2.2)

Here, ¢ represents the thermal conductivity of the material that the wire is made
of. The problem that we discuss now is the following: Knowing the temperature at

time £ = 7, say

g(s) == u(s,7), Dzssd

determine the temperature distribution at an earlier time. determine the tempera-

ture at time t = ty < 7, that is, find
f(s) :==u(s, to), 0<s <.

Assume a solution of the heat equation of the form

u(s,t) = X(s)T'(t)

Then

ue(s,t) = X(s)T'(t)

us(s,t) = X'(s)T()

ugs(s,t) = X"(8)T(t)

Substituting the separated solution
u(s,t) = X(s)T'(t)

into Equation (2.1), we obtain

X(s)T'(t) = X" (s)T(t).

Hence

12



T'(t) _ 2 X"(s)

() © X(s)

or
T'(t) _ X"(s) _ o
ATt X(s)
Therefore,
T'(t) + X°T(t) =0
Integrating,

In |T(t)| = —2X\%t + C,

and hence

T} = 6 i

Similarly,

X"(s)+XX(s) =0

The characteristic equation is

m2+ 22 =0,
which gives,
m = =i,
Therefore,
X(s) = Acos(As) + Bsin(As).
Hence,

u(s, t) = (Acos(\s) + Bsin(As)) e <",

13
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Applying the boundary conditions u(0,¢) = 0 and u(f,¢) = 0. we obtain,

0 = u(0,#) = Ae~<Mt,

Hence,

Therefore

u(s,t) = Bsin(As)e N,

Again, using the boundary condition u(¢,t) = 0, we get

0 = u(l,t) = Bsin(Al)e 1,

For a non-trivial solution, we must have

sin(A) = 0.

Thus,

M = n, n € N,

which implies

nw
A= —.
1
Define
enT
Xy = ——
¢
It can be seen easily that for each n € N,
2, . (MTS
8,5 s e_*f‘tsm(——ﬂ )

is a solution of the heat equation satisfying the boundary conditions. Let us assume

that the general solution of the heat equation is of the form

14



u(s,t) Zannn s, t).

n=1

Assuming that

fo=u(-,0) € L*([0,4)),

we have
fO(g _u50 Zan nSO)
Since
Uy (8, 1) = e“’\?'tsin()\.”__s),
at t =0,
un,(s,0) = sin(\,s).
Therefore,

o0

fo(s) = Z a, sin(\,s).

n=1

Since sin(),s) forms an orthogonal system on [0, /], the coefficients a,, can be de-
termined using the orthogonality of sine functions. To find the coefficients a,,, we

consider the normalized eigenfunctions corresponding to sin(A,s).

(sin(\,s),sin(A,s)) = 0, n # m,

and
|| sin(\,5)||2 = ¢
S )" = 3-
Hence,
. 2 .
(.bﬂ(s) = \/; Sll'l()\né?)._, s € [O?F] n e N
Therefore,

15



fols) = Zan\[(bn

n=1

Fe .
— \/; Z arae_Ai'tquz(S)

n=1

and

The set

{én : n € N}
is an orthonormal basis of L*([0, ¢]). We have,

o0

fo(8) =) (for bn)u(s)-

n=1
Comparing this expansion with

=3 ol oute

n=1
we get

£

an.\/; - (fﬂa én)-

Hence,

2
a, = ? (f{h C"f)n)-

Substituting the coeflicient a,, into the series representation of the solution,
[ou]

'U.(S,t Zé‘ fr}, Q)ﬂ @ﬂ( )

n=1

2
I6n(s)] < \/; s € [0,4],

by the Cauchy—Schwarz inequality,

1/
‘E“A;z,t(fﬂjgﬁ)n}@n(s” < ||fo||g (Ze /\21) )

16
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for every s € [0,/] and every t > 0. Hence u(s,1) is well-defined for every s € [0,

and for every ¢t > 0. Since

o0

g(s) = u(s,7) = Z e (fo, n)dnl(s), (2.5)

n=1
we have,

(9, 0n) = € (fo bn)-
Therefore,

{fo, bn) = Mg, dn), nEN.

Hence the data g must satisfy the condition

o3

2
> " P (g, 60)|* < 00.
n=1

The above requirement can be interpreted as an additional smoothness condition
that the data g must satisfy. In particular, we can conclude that the existence of a
solution f is not guaranteed under the sole assumption that the data g belongs to

L*([0,4]). We have,

f(s) =uls,to) = > e (fo,6u)pu(s), s €0,

n=1
So that
(f, &) = B_A?‘t{%f[), On), n € N,

Consequently, from (2.5) we obtain

qg= Z e_A%'(T_tD)<f1 on>¢5n-

n=1

Thus, the problem of finding f from the knowledge of g is equivalent to that of
solving the operator equation

Kif=g
where,

Kf=3 e Mg 606, feL(0,0).

n=1

17



By theorem 2.2.2 , Suppose there exists a constant ¢ > 0 such that
IKfll = el for all f.

Then K ' is bounded.

let
f=vn
Since {p,} is an orthonormal basis,
lnll = 1.
Hence,
[Kenll = cllenll = c.
Therefore,

[Kenll = c.

By theorem 2.2.1, But
Kpn = 0nn,

S0,
1K p|* = 5.
Thus,
| K @nl| = 8n.
Since
0, — 0,
we get
| K n| — 0.
Hence,
o, =>c
O, — 0,
Therefore, K~! is not bounded.
e Malmt) 5 as n — oo,

13



the above K is a compact operator from L2([0, /]) to itself, and

5, =e M) peN,

are the singular values of K. Thus K is not only not onto but does not have a
continuous inverse from its range. Thus, the backward heat conduction problem

considered is an ill-posed problem.

19



Chapter 3

LRN Solution and Generalized

Inverse

3.1 LRN Solution

Let X and Y be linear spaces and T : X — Y be a linear operator. For y € Y, the

operator equation

Te=9

has a solution if and only if y € R(T). If y ¢ R(T), then we look for an element
xp € X such that Txg is closest to y. For talking about closeness we require Y to
be endowed with a metric. We assume that Y is a normed linear space. Suppose
Y is a normed linear space and y € Y. Then we may look for an xy € X which

minimizes the functional

z— || Tz —y|, re X,

that is, to find g € X such that

|Txzo —y|| = inf{||Tz —y|| : z € X}.

If such an zq exists, then we call it a least residual norm solution (LRN solution) of

the operator equation.

20



Tz =y.

Clearly, if y € R(T), then every solution of the equation

Ta=1y

is an LRN solution. However, if y ¢ R(T"), then an LRN solution need not exist.

Example 3.1.1. Let X = Cla,b] with norm ||+ |2, Y = L?[a,b], and let T : X =Y
be the identity map. If we take y € Y with y ¢ X, then, using the denseness of X
in'Y, it follows that

inf{||Tz —y|| : z € X} = inf{||z — y||2 : € Cla,b]} =0,

but there is no xg € X such that

1Tz0 — yl| = llwo — yll2 = 0.

Remark 3.1.1 (Best Approximation Theorem). Suppose X is an inner product
space and Xg is a complete subspace of X. Then for every x € X, there erists a

unique element xg € Xg such that
|z — @o|| = inf{||lz — u| : u € Xo}.
In fact, the element xq is given by
za = Pgx,
where P is an orthogonal projection from X onto X.

Proof. Let P be an orthogonal projection from X onto Xy. Then, for every u € X,
we have

z—u=(z— Pz)+ (Pzx—u),
where © — Pz € X" and Pz — u € X,. Hence, by the Pythagorean theorern,
|z —ul|* = ||z — Pz|*+ || Pz — u|/* > ||z — Px|

21



Thus,
|z — Pz|| = inf{||z — ul| : v € X,}.

If ; € X also satisfies
|z — 21| = inf{||z — u|| : v € Xo},
then
|z — 21 |* = [|(z = 20) + (20 — 1) |* = [l — zo|* + [0 — |-

Since

[ = 21| = [l — 2ol

it follows that

lzo — 2:1[* = 0,
and hence x| = xy. ]

Theorem 3.1.1. Let X be a linear space, Y be a normed linear space, and T : X —

Y be a linear operator. If either
(i) R(T) is finite dimensional, or
(i) Y is a Hilbert space and R(T) is a closed subspace of Y,

then an LRN solution of the operator equation

Tii=4
exists for everyy € Y.

Proof. (i) Let y € Y.Since R(T) is finite dimensional, it has the best approxi-
mation property. To prove this, let X, be a finite-dimensional subspace of a

normed linear space X, and let € X.

Define
S={ueXo:|lz—u|| <|z—v|, Yve Xo}.

Define the function
f:8 =R, fu) = ||z —u.

22



We first show that S is closed.
Let {u,} € S and suppose u, — u.

Since the norm is continuous,

|z —up|| = ||z — u].

Also,

|z — un|| < ||z =], Yv € Xp.

Taking limits,

|z —ul|| < ||z —v|, Vv e Xo.
Hence, u € S. Therefore, S is closed.
Next, we show that S is bounded.
For any u € S,

[ul| = flu— 2z +z|| < |lu—=| + ||

Since

|z —ul| < ||z — v, Yov € Xy,
we obtain

[ull < [lz —v]| + [|]].

Hence, S is bounded.

Since Xj is finite dimensional, every closed and bounded subset of X is com-

pact.
Also, f is continuous on S. Hence, f attains its minimum on S.

Therefore, there exists xg € S such that

flxo) < f(u), Yu€S.

Hence,

= 2ol = inf{lla — ull : u € Xo.

23



(i)

Thus, Xy has the best approximation property.

Applying this to R(T'), there exists yp € R(T) such that
1y = yoll = inf{[ly — vl : v € R(T)}.
Since yp € R(T), there exists zo € X such that

Txy = yo.

Hence,

[Tzo = yll = llyo — yll = inf{lly —v[| : v € R(T)} = mk{|| Tz —y|| : 2 € X}.

Therefore, x( is an LRN solution.

L]

Suppose X is an inner product space and Xj is a complete subspace of X.

Then, for every x € X, there exists a unique element xy € X; such that
|z — zo|| = inf{||z — ul| : v € Xo}.
In fact, the element z is given by
iy = P¥,

where P is the orthogonal projection of X onto Xj.

Since R(T) is closed, there exists yy € R(T) such that

ly — yoll = inf{||y —v|| : v € R(T)}.

Since yy € R(T), there exists xy € X satisfying
Txo = yo.

Hence,

ly — Taol| = |ly — wol| = inf{|ly —v|| : v € R(T)}.
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Moreover, every element of R(T’) is of the form Tz for some x € X. Therefore,
inf{ly — vl| : 0 € R(T)} = inf{ly — T : v € X}.
Consequently,
ly — Tol| = inf{|ly — Ta| : z € X},

which shows that zg is a least residual norm (LRN) solution.

Theorem 3.1.2. Let X be a linear space, Y be a Hilbert space and T : X — Y be
a linear operator.
Let P :Y — Y be the orthogonal projection onto R(T). Fory € Y, the following
are equivalent:

(i) The equation Tx =y has a least residual norm (LRN) solution.

(i) y € R(T) + R(T)*.

(iit) The equation Tx = Py has a solution.

Proof. Step 1 (ii) <= (iii).

Pye R(T) < y€ R(T)® R(T)".

Suppose that
Py e R(T).

Since P is the orthogonal projection onto R(T'), every vector can be written as

y = Py+(y — Py),

where
Py € R(T)
and
y— Pye N(P) = R(T)L‘
Hence,

y € R(T) ® R(T)*.

25



Conversely, suppose that

y € R(T) & R(T)*.

Then there exists

u€ R(T) and w e R(T)*+

such that

Y =u+w.

Since

u€ R(T) and w € R(T)™,

this is the orthogonal decomposition of y. By the uniqueness of the orthogonal
projection,

Py =u.

Hence,

Pye R(T) < y€ R(T)® R(T)".

Now assume that

To= Py
has a solution. Then there exist £ € X such that

Ty = Hy.

Since

R(T)={Tz:z € X},
it follows that Py is of the form T'z. Hence,
Py € R(T).

Conversely, if

Py e R(T),

then by the definition of the range of T, there exist x € X such that

Tx =Py,

26



(i) < (iii) T2 —y has an LRN solution. < The eq™ Tv = Py has solution . Assume
Tz =y has LRN solution

ITzo — yl| = inf || Tz — y||

inf [Tz —y||= inf [jo—
int |Te—yl = mE lv—ul

= inf [v—y|
veR(T)

inf{||Tz —y|| : z € X} =inf{||lv —y| : v € R(T)}
= inf{[lo -yl : v € R(T)} = [|Py — v
Thus Tz = y has LRN solution zy iff ||Tzo — y|| = || Py — y|| Now
Tz —y = (Txo — Py) + (Py —y)

where Tayg— Py € R(T) and Py—y € R(T)*. Therefore these vectors are orthogonal.

By Pythagoras theorem,
ITzo — y|I* = | Tz — Pyll® + || Py — y?

Since || Tz — Py|| = ||Py — y||

we obtain,

1Py — y||* = ||Tzo — y||*> = || Tz0 — Pyl?

hence ||Tzy — Py||* = 0, which implies T'zy = Py, i.e., the equation Tz = Py has a

solution. Thus (i) == (iii). Conversely, assume (iii) holds. Then there exist, g € X

such that T'rg = Py.
1Tz =yl = [Py = yll

| Tz =yl = || Py — yll
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But Py —y =inf ||T2 — y|| = ||Tx¢ — y|| Hence,
|Tzo — yl| = inf{||Tz — y|| : 2 € X}

xo is an LRN solution of the equation Tz = y.

Thus (iii) = (i). This completes the proof. ]

Remark 3.1.2. Let X, Y and T be as in Theorem 3.1.2. Fory € Y , we denote
the set of all LRN solutions of Tx =y by Sy, i.e.,

Sy = {;r: EX:||Tz—y| = ég}”{ | Tu —y||} :
S, can be empty . By Theorem 3.1.2,
Sy, #0 < ye R(T)+ R(T)".

Corollary 3.1.1. Let X, Y and T be as in Theorem 3.1.2, y € Y be such that
Sy #0. If g € Sy, then

Sy={zo+u:uve NT)}

In particular, if T is injective and y € R(T) + R(T)*, then Tz = y has a unique
LRN solution.

Proof. 1f xy is an LRN solution, then for every u € N(T'), xo + u is also an LRN

solution. Since u € N(T), we have Tu = 0, and therefore
T(xg+ u) = Txg+ Tu = Txy.
So the residual does not change:
1T (2o + ) = yll = [Txo — y-

Since zg gives the minimum residual, xq + u also gives the same residual.
Thus zo + N(T') C S,,.
Now we prove S, C z¢ + N(T). Take any z € S,. Since z and zy are both LRN

solutions,
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by Theorem 3.1.2,

Tao=Py="Tzg.

Since T is linear, T'(x — xg) = Tx — Txy = 0.
sox —x9 € N(T).

Let u =2 — 29. Then u € N(T) and z =z + u.
Thus S, C {zg+u:u € N(T)}. Therefore

Sy={zo+u:ue N(T)}

This means every LRN solution is of the form x = zy+u ,where u € N(T). Suppose

T is injective, then N(T) = {0}.

Sy =z + N(T)
=0 + {0}
= {.’l.‘g}.

So S, contains only one element, z5. Therefore, there is only one LRN solution.

O

Remark 3.1.3. If T is not injective, then the set S, of all LRN solutions of Tx =y
generally contains more than one element. In such cases, a uniqgue LRN solution
is obtained by imposing an additional restriction, namely, by minimizing a suitable
non-negative functional ¢ over S,. The domain of ¢ may be a proper subset of X.
The simplest choice is

é(z) = |zl|, =eX,

which yields the least norm (LN) solution. More generally, one may consider
¢(x) = ||Lzl|,  xe D(L),

where L : D(L) — Z is a linear operator, D(L) is a subspace of X, and Z is another
normed linear space. In many applications, X, Y, and Z are function spaces, and

L is a differential operator. Although this general framework is important, we shall
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mainly consider the case where X and Y are Hilbert spaces and seek the element
of Sy, with minimum norm. The same theory also applies to minimizing ||Lx|| over

D(L)NS,.

Theorem 3.1.3. Let X and Y be Hilbert spaces, Xy be a subspace of X, and
T : Xo = Y be a linear operator with N(T) closed in X. Let y € R(T) + R(T)*.

Then there exists a unique & € S, such that
Jéll = g Jol

In fact,
€ N(T): and %= Quy,
where @ : X — X s the orthogonal projection onto N(T)* and xy is any element

in Sy.

Proof. Let y € R(T) + R(T)*. Then by Theorem 3.1.2, the set S, of all LRN

solutions is nonempty. Let xg € S,. By Corollary 3.1.1, we have
Sy={ro+u: ue N(T)}.

Let
Z= ana
where @ : X — X is the orthogonal projection onto N(T')*.
Then we have
o =T + u, u € N(T).
This also implies that

T =x9—u € Xy

Hence, by Theorem 3.1.2,
T =T%5= P,

where P : Y — Y is the orthogonal projection onto R(T").
Thus,
£€ 8
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Again, by Corollary 3.1.1, for any x € S,, we have,
r—2 € N(T).

Since

Te=Py apl T&=Py,
it follows that

Tle—3)=Te—Tx

= Py — Py

Hence,

z—1 € N(T).

We know that
T € N(T)L.

Thus,

Also,

Hence, by the Pythagoras theorem,
Jell? = 1 + lle = &1

Thus,
Izl < ], VzeS,

Suppose there exists another element & € S, such that

12l < flell, V& €Sy,

Then it follows that,

2] < &l < izl
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so that

12l = [IZ]]-

Using again Corollary 3.1.1 and the Pythagoras theorem,

we have,
ZF—-32€ N(T)
and
I = Il + 11z — 3]
Consequently;,
=5

0

Corollary 3.1.2. Let X, Xy, Y and T be as in Theorem 3.1.3, and let Q : X — X
be the orthogonal projection onto N(T)~.

Lety € R(T) + R(T)*. Then
{:1: €S, |z|] = .iiqu ||u,||} ; N(T)*nS,, and {Qr:z€S,}
are singleton sets.
Proof. By Theorem 3.1.3, there exists a unique & € S, such that
(@) ={z e 8 ol = inf Iull} = {Qz:a € 5,)

Thus,

ie NT)*NS,.
Hence, it suffices to show that N(7')=N S, does not contain more than one element.
Suppose x1, 25 € N(T)* N S,. Since 1,29 € S, by Theorem 3.1.2,

Txy = Txs,

so that

x1 — 29 € N(T).
Also,

2, — 23 € N(T) .
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Therefore,

x1 — @ € N(T) N N(T)* = {0}.

Hence,
I = I9.
Thus,
NPy s, =1{i},
and the proof is complete. O

3.2 Generalized inverse

Let X, Y be Hilbert spaces, Xy be a subspace of X, and T : Xy — Y be a linear

operator with N(T') closed in X. By Theorem 3.1.3, for every
y € R(T) + R(T)",

the set
8y = {'r €Xy: [Tz —y|| = inf ||[Tu— 1,:||}
weXp
of LRN solutions of Tz = y is non-empty and there exists a unique & € S, such that
z|| = inf ||z]|.
i = inf ol
In fact, by Theorems 3.1.2 and 3.1.3, # is the unique element in N(T)* such that

Tx = Fy,

where P : Y — Y is the orthogonal projection onto R(T'). Let TT be the map which
associates each y € R(T) + R(T)* to the unique LRN-solution of minimal norm.

Then it can be seen that
TN R(T)+R(T): — X
is a linear operator with dense domain

D(T") := R(T) + R(T)™.
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The operator T is called the generalized inverse or Moore—Penrose inverse of T,

and & := Ty is called the generalized solution of T'x = y. In fact,

—1
Thy = (TIMT]_J_HXO) Py,  yeD(T).

Remark 3.2.1. Let Y be a Hilbert space and Yy be a subspace of Y. Then Yy is
closed if and only if
Yo+Y =Y.

Remark 3.2.2. Let X and Y be Hilbert spaces, Xy be a subspace of X, and let
T:Xo—=2Y
be a linear operator with N(T') closed. Then:
(i) D(T") is dense in Y,
(ii) TT is a linear operator,and

(iii) For every y € D(TT)
-1
Thy= (T‘N(T}—OXU) Py,

where P Y —Y is the orthogonal projection onto R(T).
Theorem 3.2.1. Let X and Y be Hilbert spaces, Xy be a subspace of X, and
T:Xqg—>Y

be a closed linear operator. Then

(i) TT is a closed linear operator,and

(ii) TT is continuous if and only if R(T) is a closed subspace of Y.
Proof. (i) To prove that T is closed, let {y,} C D(T") be such that

Yp — vy and T*yn — z in X.
By the definition of the generalized inverse,
T(T"yn) = Pyu,
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where P is the orthogonal projection onto R(T"). Since P is continuous and y,, — ¥,
we have,

Py, — Py.

Hence,

T(T'y,) — Py.
Since T7y, — = and T is closed, it follows that
x € Xy and Tx = Py.

Therefore, by Theorem 3.1.2,
TE Sy,

that is, o is a least residual norm solution corresponding to y. Since

Tz = Py,
we obtain
y € R(T) @ R(T)*: = D(T").
Moreover,
T = (Tlyeynn,) PY:
Since

Ty, € N(T)* N X,

for every n, and N(T)* is closed,
z = lim Ty, € N(T)*.
n—oo

Thus « € S, N N(T')*. By Theorem 3.1.3, there is exactly one element of S, lying
in N(T)*. Hence,
Tty =
Therefore,
(v, Ty) = (y.2)
belongs to the graph of T, proving that the graph of T is closed. Hence 77 is a

closed linear operator.



(ii) Since T is a closed linear operator, the Closed Graph Theorem implies that

T is continuous if and only if its domain D(77) is closed. But,
D(T') = R(T) @ R(T)*.

Since R(T)* is always a closed subspace of Y, it follows that D(T) is closed if and
only if R(T) is closed. Hence,

T is continuous <= R(T) is a closed subspace of Y.

This completes the proof.

O

From Theorem 3.2.1, if R(T) is not closed in Y, then the generalized inverse T'f

is not continuous. Consequently, the problem of finding the generalized solution
i=Ty

of the operator equation Tz = y is ill-posed, since small perturbations in the data
may produce large changes in the solution. This highlights the limitations of the
generalized inverse for ill-posed problems and motivates the development of regular-

ization methods, which provide stable approximations to the generalized solution.
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3.3 Applications of Ill-Posed Problems

(i) Medical Imaging: Ill-posed problems arise in image reconstruction tech-
niques such as Computed Tomography (CT), Magnetic Resonance Imaging

(MRI), and Positron Emission Tomography (PET).

(ii) Image Restoration: They are used to recover blurred, noisy, or damaged

images.

(iii) Geophysics: Ill-posed problems are encountered in determining the Earth’s

internal structure from seismic data.

(iv) Signal Processing: Ill-posed problems arise in reconstructing signals from

noisy or incomplete observations.

(v) Remote Sensing: They are used to recover information about the Earth’s

surface from satellite and aerial data.
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Conclusion

This project presented a study of ill-posed operator equations and the methods used
to obtain meaningful solutions. The concepts of well-posed and ill-posed equations
were discussed, and the backward heat conduction problem was examined as a clas-
sical example of an ill-posed problem, illustrating the instability caused by small
perturbations in the data.

The Least Relative Norm (LRN) solution and the theory of generalized inverses
were studied as effective tools for solving such problems. The generalized inverse
extends the concept of the ordinary inverse and provides a suitable framework for
obtaining meaningful solutions when a unique solution does not exist.

Overall, this study provides a basic understanding of ill-posed equations, the
backward heat conduction problem, and the importance of generalized inverses in

solving inverse problems arising in mathematics and its applications.
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