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INTRODUCTION

Wavelet theory has emerged as an important area of modern mathematics due
to its wide range of applications in signal processing, image compression, data
analysis, and communication systems. Wavelets provide an efficient method for
representing and analyzing signals at different levels of resolution. Unlike the
Fourier basis, which offers excellent frequency localization but poor spatial local-
ization, wavelets are capable of capturing both local and frequency information

simultaneously.

This project presents an introduction to the construction of wavelets on the
finite cyclic group Zy using techniques from linear algebra and discrete Fourier
analysis. The finite-dimensional setting of ¢*(Zy) provides a natural framework
for understanding the fundamental concepts of wavelet theory while avoiding many

of the technical difficulties encountered in the continuous case.

The study begins with the basic concepts of translation operators, convolution,
discrete Fourier transforms, and orthonormal bases. Using these tools, first-stage
wavelet bases are constructed through suitable low-pass and high-pass filters. The
theory is then extended by an iterative process that generates multistage wavelet
decompositions, leading to a family of orthonormal wavelet bases. Special atten-
tion is given to filter banks, perfect reconstruction, wavelet filter sequences, and
repeated-filter constructions, which provide efficient algorithms for the decompo-

sition and reconstruction of discrete signals.

The objective of this project is to develop a clear understanding of how wavelet
bases on Zy can be constructed using elementary linear algebraic methods. The
finite-dimensional theory not only has independent mathematical interest but
also serves as an accessible introduction to the broader theory of wavelets on
R. Through this study, we gain insight into the algebraic structure of wavelets

and their usefulness in the analysis of discrete signals.



Chapter 1

PRELIMINARIES

1.1 Inner Product Spaces

Definition 1.1. Let F be a field. A vector space V' over F is a set with operations

of vector addition + and scalar multiplication satisfying the following properties:

(a) (Closure for addition) For all u,v € V., uw+ v is defined and is an element
of V.

(b) (Commutativity for addition) u+v =1v + u, for all u,v € V.
(¢) (Associativity for addition) u+ (v +w) = (u+v) +w, for all u,v,w € V.

(d) (Ezistence of additive identity) There exists an element in 'V, denoted 0,
such that w+0=wu for allu eV.

(e) (Erxistence of additive inverse) For each u € V, there exists an element in
V, denoted by —u, such that u+ (—u) = 0.

(f) (Closure for scalar multiplication) For all « € F and w € V', au is defined

and is an element of V.

(g) (Behavior of the scalar multiplicative identity) 1 - v = u, for all w € V,

where 1 1s the multiplicative identity in F.

(h) (Associativity for scalar multiplication) a .(B. u) = («a.3) - u, for all a, 3
€ Fandue V.

(i) (First distributive property) e - (u + v) = (@ - u) + (« - v), for all a € F
and u, ve V.

(4) (Second distributive property) (a + 8) - w = (a - u) + (B - ), for all o, 5
€ Fandue V.



Definition 1.2. Let V be a vector space over C. A (complex) inner product is a

map (-,+) : V- x V. — C with the following properties:
(a) (Additivity) (u + v, w) = (u,w) + {(v,w) for all u,v,w e V.

(b) (Scalar homogeneity) (au,v) = a{u,v) for all « € C and all u,v € V.

(¢) (Conjugate symmetry) (u,v) = (v,u) for all u,v € V.

(d) (Positive definiteness) (u,u) > 0 for allu € V, and (u,u) = 0 if and only if
u=0.

A vector space V with a complex inner product is called a (complex) inner product

space.

Definition 1.3. Suppose V' is a complex inner product space. For u,v € V', we

say that v and v are orthogonal (written u L v) if (u,v) = 0.

Definition 1.4. Suppose V' is a complex inner product space. Let B be a collection
of vectors in V.. B is an orthogonal set if any two different elements of B are
orthogonal. B is an orthonormal set if B is an orthogonal set and =1 for all

v e B.

|v]

Definition 1.5. Suppose V' is a complex inner product space. An orthonormal

basis for V' is an orthonormal set in V that is also a basis.

Result 1.6. Let V' be a complex inner product space with (finite) orthonormal
basis R={uq, uz,...,u,}.Then For anyv eV,

V=0 (v, ).
Definition 1.7. Let A be an n X n matriz. A is unitary if A is invertible and

At =A%

Result 1.8. Let A be an n x n matriz over C. Then the following statements are

equivalent:
(i) A is unitary.

(ii) The columns of A form an orthonormal basis for C".

(iii) The rows of A form an orthonormal basis for C".

() A preserves inner products, that is, (Az, Aw) = (z,w) for all z,w € C".
(v) ||Az|| = ||z|| for all z € C".

Result 1.9. Let E = {ey,ea,...,¢,} be the standard basis for C* and suppose that
O = {uy,us, ..., un} is an orthonormal basis for C*. Let U be the n X n matriz
whose jth column is the vector w;. Then U is unitary, U is the O-to-E change of
basis matriz, and U™ is the E-to-O change of basis maltriz.



1.2 Fourier Analysis on Zy

Definition 1.10. Let
Zy = {0,1,...,N - 1}.

The space (*(Zy) is defined as
C(Zy) = {z = (2(0),2(1),...,2(N = 1)) : z(j) € C}.

Thus each element of (*(Zy) may be viewed as a complex-valued function on

Zn or equivalently as a vector in CV.

Definition 1.11. For z,w € (*(Zy), the inner product is defined by

=
_

(z,w) = z(k)w(k).

0

=
Il

The associated norm is

N-1 1/2
21| = (Z |ff(k)|2) :
k=0

For convenience, every vector z € £*(Zy) is extended to all integers by requiring
2(j+N)=2(j), JeZ

Thus elements of £?(Zy) are regarded as periodic functions of period N.

Definition 1.12 (Discrete Fourier Transform). Let

2 = (20, 2(1), ..., 2(N — 1)) € (Zy)

Form=0,1,...,N — 1, define

N-1
E(TT'L_) = Z z(n)e—Qmm-n./N‘ (11)
n=0
The vector Z = (2(0),z(1),...,2(N — 1)) is called the discrete Fourier transform
(DFET) of z. The mapping ™ : (2(Zy) — (*(Zy), which takes z to Z, is called the

discrete Fourier transform.



=]

Result 1.13 (Fourier Inversion Formula). Let 2z € (*(Zy). Then

N-1
. 1 -~ 2rimn /N I T
z(n) = f\—rzﬂ(m)c , n=0,1,...,N—1. (1.2)

m=(

Definition 1.14 (Fourier Basis). Form = 0,1,...,N —1, define F,, € (*(Zy) by

1 .
B} = \/—?ez’”m”x‘w, n=0,1,...,N—1. (1.3)

Let F = {Fy, Fy,...,Fy_1}.We call F the Fourier basis for (*(Zy).

Definition 1.15 (Inverse Discrete Fourier Transform). For

w= (w(0), w(1),...,w(N —1)) € £*(Zn),

define w € (*(Zy) by

N-1
1 /]
w(n) = N Z w(m)e mn/N = Liene sy N— L (1.4)

m=0

We set
w = (w(0),w(1),...,H(N —1)).
The map ~ : (*(Zy) — (*(Zy) is called the inverse discrete Fourier transform
(IDFT).

Result 1.16 (Fourier Expansion Formula). Let 2 € (?(Zy). Then

N-1
7= Z Z(m) Fp, (1.5)
m=0
where F,,, is the m™ element of the Fourier basis.
Result 1.17. The discrete Fourier transform
= (Zy) = C(Zy)

s a linear and invertible transformation. Its inverse is the inverse discrete Fourier

transform.

Definition 1.18 (Translation Operator). Let z € (*(Zy) and k € Z. Define

(Rez)(n) = z(n — k), n € Z. (1.6)



The vector Ryz is called the translate of z by k, and Ry is called the translation

operator by k.

Result 1.19. Let z € (*(Zy) and let k € Z. Then for every m € Z,
Riz(m) = e 2™ N3 (m). [1.7)

The above result shows that translation in the time domain corresponds to

multiplication by a complex exponential in the frequency domain.

Definition 1.20 (Translation-Invariant Linear Transformation). A linear trans-
formation T : (*(Zy) — (*(Zy) is called translation invariant if

T(Ryz2) = Ry T(2) (1.8)

for every z € (*(Zy) and every k € Z.

Definition 1.21 (Convolution). For z,w € (*(Zy), the convolution zxw € (*(Zy)

1s defined by
N—1

(z xw)(m) = Z z(m — n)w(n), (1.9)

n=0
for allm € Z.

Definition 1.22. Define 6 € (*(Zy) by

= 11 n= O:
d(n) = (1.10)
0, =12 ... ,N—-=1%L

The vector d is called the unit impulse. It is the discrete analogue of the Dirac
delta function.

Result 1.23 (Properties of Convolution). Let z,w € (*(Zy). Then

(i)

2wl =Wk 2, (1.11)

(i) o
(z x w)(m) = Z(m)w(m), m=0,1,...,N — 1. (1.12)

Definition 1.24 (Fast Fourier Transform). The Fast Fourier Transform (FFT)
s an efficient algorithm for computing the Discrete Fourier Transform (DFT)
and its inverse.For a vector of length N, the FFT computes the DFT in approz-
imately Nlog, N operations, compared with N* operations required by the direct
computation of the DF'T.



The FFT makes the computation of Fourier coefficients practical for large
data sets and plays an important role in signal processing, image compression,

and wavelet analysis.

Result 1.25. Suppose N = 2" for some n € N. Then the number of complex

multiplications required by the Fast Fourier Transform satisfies
_— ;
#N < iNlog2 N. (1.13)
Result 1.26. Suppose z € (*(Zy). Then z is real-valued if and only if

zZ(m) = Z(N — m), m € Zy. (1.14)



Chapter 2

CONSTRUCTION OF
WAVELETS ON Z,: THE
FIRST STAGE

2.1 Motivation for Wavelets

Throughout this chapter, we consider discrete signals represented as vectors in
(*(Zy).

Wavelet theory was developed to overcome certain limitations of the Fourier
basis in the analysis of discrete signals. Although the Fourier basis has important
advantages, such as diagonalizing translation-invariant linear transformations and
allowing efficient computation through the Fast Fourier Transform (FFT), its basis
elements are not localized in space. Consequently, a local change in a signal can
affect many Fourier coefficients, making it difficult to identify the location of
important features.

In many applications, such as medical iimaging, radar and sonar imaging, and
video compression, it is desirable to analyze signals locally and detect where sig-
nificant changes occur. This requires basis vectors that are spatially localized. At
the same time, frequency localization is also important because it allows filtering,
noise reduction, and efficient data compression.

A vector is said to be frequency localized if its discrete Fourier transform is
concentrated in a small range of frequencies. The Fourier basis is perfectly fre-
quency localized but not spatially localized, whereas the standard basis is perfectly
spatially localized but not frequency localized. Therefore, the goal is to construct
a basis whose elements are localized in both space and frequency while still per-
mitting fast computation.

Wavelets provide such a basis and hence enable a simultaneous space-frequency
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analysis of signals. They combine the advantages of both spatial and frequency
localization, making them highly effective for the representation and analysis of
discrete signals. In this chapter, we study the construction of wavelet bases on

Zy and investigate their fundamental properties.

2.2 Convolution and Translation Bases

Definition 2.1 (Conjugate Reflection). For any w € (*(Zy), define w € (*(Zy)
by

w(n) = w(—n) = w(N —n), n € Zy. (2.1)
The vector w is called the conjugate reflection of w.

Result 2.2. Let w € (*(Zy). Then

—~

w(n) = w(n), n € Zy. (22)

Recall that the translation operator R, is defined by
(Ryz)(n) = 2(n— k),  n € Zy. (2.3)
Lemma 2.3. Suppose z,w € (*(Zy). For any k € Z,
(z*xw)(k) = (2, Rew) (2.4)

and
(z xw)(k) = (2, Rpw). (2.5)

Proof. By the definition of inner product and translation,

N—1
(z, Ryw) = z z(n)(Ryw)(n).
n=0
Since
(Rrw)(n) = w(n — k),
we get .
(z, Ryw) = z(n)w(n — k).

By the definition of conjugate reflection,

w(k —n) =w(n — k).
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Hence
N-1
(z, Rgw) = Y z(n)w(k —n).
n=>0
By the definition of convolution,
N-1
Z z(n)w(k —n) = (W * 2)(k)
n=0

Since convolution is commutative,
(W * 2)(k) = (z*x w)(k).

Therefore

(zxw)(k) = (z, Rpw).
The second identity follows by replacing w with w in the first identity. Since

wW="w,

we obtain
(2 *w)(k) = (2, Rpw).

O

Lemma 2.3 shows that inner products with translates can be computed using
convolution. Suppose w € (3(Zy) is such that B = {Rgw},—,' is an orthonormal
basis for £*(Zy). Then the coefficients of a vector z with respect to the basis B
are (z, Ryw) (Result 1.6). By Lemma 2.3,(z, Ryw) = (z * w)(k).

Therefore,

[Z]B = Z*W.

Since convolution can be computed rapidly using the FFT, the change of basis
from the Euclidean basis E to the basis B can also be computed efficiently. The
next lemma gives a simple condition, in terms of the DFT of w, which characterizes
all such orthonormal bases generated by translates of a single vector.

Lemma 2.4. Let w € (*(Zy). The {Ryw}y = is an orthonormal basis for (*(Zy)
if and only if |W(n)| =1, for all n € (Zy).

Proof. Recall the Dirac delta function § € ¢?(Zy) defined by

1, n=0,
0, n=12,...,.N—1.

d(n) =
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Since 0 = ey, we have o(n) = 1, for all n.

By the fact that {Ryw}, ' is an orthonormal basis for ¢*(Zy) if and only if

1, k=1,
(w, Rrw) = (2.6)
G F=L& e N= 1

By equation(2.4) (w, Ryw) = (w * w)(k), so equation(2.6) is equivalent to
wx w = 0.

By Fourier inversion, equation (1.12) and equation(2.2) together with

-~

w(n) = w(n), we obtain

—~

1 =d(n) = (w * @)(n) = B(n)B(n) = BB = |[GN)|%

for all n
Therefore, |@w(n)| =1, n € Zy. O

Although Lemma 2.4 provides a simple characterization of orthonormal bases
generated by translates of a single vector, it does not satisfy our goal of frequency
localization. Indeed, if { Rpw}y ' is an orthonormal basis, then Lemma 2.4 implies
that |@w(n)| = 1 for all n € Zy. Furthermore, by Result (1.19), [%(nﬂ = |w(n)|,
so every basis vector has the same frequency distribution. Consequently, such
bases are not frequency localized. To overcome this difficulty, we modify our
approach and seck two vectors u and v whose translates by even integers form an

orthonormal basis. This leads to the notion of a first-stage wavelet basis.

2.3 First-Stage Wavelet Bases

Definition 2.5 (First-Stage Wavelet Basis). Suppose N is even, say N = 2M for
some M € N. An orthonormal basis for (*(Zy) of the form

{Rarulply' U{Rav il

for some u,v € [*(Zy), is called a first-stage wavelet basis for (?(Zy).
The wvectors u and v are called the generators of the first-stage wavelet basis.

The vector u is often called the father wavelet, while v is called the mother wavelet.

Our goal is to determine conditions under which a pair of vectors u and v
generates a first-stage wavelet basis. To obtain such a characterization, we first

establish several preliminary results.
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Lemma 2.6. Suppose M € N, N = 2M, and z € (*(Zy). Define z* € (*(Zy) by

2*(n) = (-1)"2(n), n € Zn. (2.7)
Then
z*(n) = Z(n+ M), n € Zn. (2.8)
Proof. By definition,
N-1 N-1
g‘;(n) _ zx(k)e—'lwikn;’}\" — Z(_l)kz(k)emﬂiwiknﬂ\r'
k=0 k=0

N—-1 N-1
é}(n) _ 2(k)e-i7rk€~2m'kn/N — Z z(k)e—ZTrik(n-l-J\I)/N — fz\(n A ﬂ{{).
k=0 k=0
O
For any z € (*(Zy), where N is even, we have
2z(n), if n is even, _
(z+2")(n) = 2(n)(L+ (-1)") = (2.9)

0, if n is odd.

Thus z* provides a means of restricting to even values of n. This observation

will be used in the proof of Lemma 2.7.

Lemma 2.7. Suppose M € N, N = 2M, and w € (*(Zy). Then {Royw}i,' is

an orthonormal set with M elements if and only if
|@(n)|® + |@(n+ M)?=2, n=0,1,...,M—1. (2.10)

Proof. By equation(2.4) and By the fact that, the set { Ropw}i ! is orthonormal
if and only if

(w*w)(2k) = (2.11)

By equation (2.9),

- " 2(w x w)(n), nis even,
(w*w+ (w=*w)*)(n) = (2.12)
0, n is odd.
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Hence the above condition is equivalent to
wxw+ (ww)* =26,
Taking Fourier transforms, we get
(w * @) (n) + (W * @) (n) = 2. (2.13)

Now
e P

(w * w)(n) = W(n)w(n) = B(n)w(n) = |(n)|>

Also, by equation(2.8)

————

(w % @Y*(n) = (w* @) (n + M) = |@(n + M)[>
Therefore
|@(n)|* + |@W(n + M)|* = 2.
Since this expression has period M, it is enough to check it forn =0,..., M —1.
Hence {Rzkw},‘:;l is orthonormal if and only if

|B(n)|2 + |B(n+ M)2=2, n=01,...,M—1.

O]

The condition that {Royw}r " has M elements guarantees that the vectors
Ropw are distinet for k =0,1,..., M — 1.

Definition 2.8 (System Matrix). Suppose M € N, N = 2M, and u,v € (*(Zy).
Forn € Zy, the system matrix of u and v is defined by

1 u(n) v(n)

(2.14)

The system matrix plays a fundamental role in the study of first-stage wavelet
bases. The following theorem characterizes orthonormal bases generated by the

even translates of two vectors in terms of the unitarity of the system matrix.

Theorem 2.9. Suppose M € N and N = 2M. Let u,v € (*(Zy). Then

B = {Ryv i U Ruu 25t = {v, Rov, Ryv, ..., Ry—av, u, Rou, Ryu, . .., Ry_qu}.
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is an orthonormal basis for (*(Zy) if and only if the system matriz

Al = 1 ) u(n) ) v(n)
V2 |td(n+ M) B(n+ M)
is unitary for each n=0,1,... .M — 1.
Equivalently, B is a first-stage wavelet basis for [*(Zy) if and only if

|f£(n)|2—i—|ﬁ(*n.—|—ﬂi’)|2 =2 n=01....M—1, (2:15)
|€?(ﬂ)|" -+ |?F(n.+ﬂ-i’)|2 = =0 1,: 0, M =1, (2.16)

and
u(n)v(n) +u(n+ M)v(n+ M) =0, n=01.... M —1. (2.17)

Proof. Recall (Result 1.8) that a 2 x 2 matrix is unitary if and only if its columns
form an orthonormal basis for C?. By Lemma 2.7, {ngu}g‘; Bl is orthonormal if
and only if |@(n)|? + [t(n + M)|? = 2, that is, the first column of A(n) has length
1foreveryn=20,1,... M —1.

Similarly,{ Royv}i'is orthonormal if and only if [0(n)|? + [0(n + M)|?> = 2,
which states that the second column of A(n) has length 1 forn =0,1,..., M — 1.

Next, we claim that

(Rogu, Roju) =0 forall j,k=0,1,...,M —1 (2.18)
if and only if  ¥(n)v(n) + u(n+ M)v(n+ M) =0,forn=0,1,..., M — 1.

Note that the latter equation states that the columns of A(n) are orthogonal.
Assuming this claim momentarily, it follows that B is an orthonormal set, hence
an orthonormal basis for (*(Zy) (because it has N elements), if and only if A(n)
is unitary for each n =0,1,..., M — 1.

To prove the equivalence of the above conditions, by equation(2.4) and by the,
fact that (Roru, Roju) =0 for all j,k=0,1,..., M — 1 if and only if

(u*7)(2k) = (u, Royv) =0,

forall k=0,1,..., M — 1.

By equation (2.9) with z = u * 7, this is equivalent to
uxv+ (uxv)" =0,

because the values at odd indices are automatically zero.
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By DFT inversion, this is equivalent to
(u* ) (n) + (u*D)*(n) = 0.
By equation(1.12) and equation (2.2),

(u* 9)(n) = G(n)o(n).

Hence, by equation(2.8)

—

(ux0)*(n) =u(n+ M)v(n+ M).

Therefore,
u(n)o(n) +a(n+ M)o(n+ M) = 0.
Since the left-hand side is periodic with period M, it is zero forn = 0,1,..., M—

1 if and only if it is zero for all n. Hence, the two conditions are equivalent. [

Theorem 2.9 provides a practical method for constructing first-stage wavelet

bases. Instead of directly verifying that
{Rav}i 5" U {Raru}i !

forms an orthonormal basis for (*(Zy), it is sufficient to construct vectors u and
v whose system matrix A(n) is unitary for alln =0,1,..., M — 1.

Compared to Lemma 2.4, Theorem 2.9 provides much greater flexibility. In
Lemma 2.4, the condition |@w(n)| = 1 for all n prevents frequency localization. In

contrast, Theorem 2.9 only requires
[i(n)]® + [u(n + M)|* = 2,

allowing the frequency components to be distributed between u and v. Conse-
quently, one may choose u to contain primarily low-frequency components and v
to contain primarily high-frequency components. For this reason, u is commonly
called the low-pass filter (or father wavelet) and v the high-pass filter (or mother

wavelet).

Example 2.10 (First-Stage Shannon Basis). Suppose N is divisible by 4. Define
u,v € (*(Zy) by
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3N 3N
V2, '.71:0,1,...,——101‘?1:3 ,3— 1,...,N —1,
~N 4 4 4
] = N N 3N
n=—,—+1 ,— — 1,
0, n 11 1
and
0, '.f'e,:(}.,l?..._,i—l():r'n:ﬁ1ﬁ—i—1,...7}\f—1j
B(n) = v o 4 iy 47 4
2, n=—,—+1,..., — -1
V& w=70g 4

Notice that at every n, either %(n) = 0 or v(n) = 0, so equation (2.17) holds.
Also, at each n, either @i(n) = /2 and @(n 4+ N/2) = 0 or vice versa, so equation
(2.15) holds. The same observation holds for 7, so equation (2.16) also holds.
Hence the system matrix A(n) is unitary for all n, and therefore, by Theorem 2.9,
{ngv}i\zﬁ_l U {ng_-‘u}}gﬁ_l is a first-stage wavelet basis for (2(Zy).

Observe that 5(m) = v/2 for the N/2 high frequencies

N 3N
— <m< -1,
4
and v(m) = 0 for the remaining low frequencies. Thus v contains only high-

frequency components. Similarly, u contains only low-frequency components.

Hence u is called the low-pass filter and v is called the high-pass filter.

2.4 Filter Banks and Perfect Reconstruction

Filter banks provide an efficient framework for the analysis and reconstruction of
discrete signals. A signal is decomposed into low-frequency and high-frequency
components by means of suitable filters, and the original signal is recovered from
these components through a reconstruction process. The central objective is to
ensure that no information is lost during decomposition and reconstruction. This
property is known as perfect reconstruction. In this section, we introduce the basic
filter bank operations and study the conditions under which perfect reconstruction

is achieved.

Lemma 2.11. Suppose M € N, N = 2M, and let u € (*(Zy) be such that

{Ropu}ry! is an orthonormal set with M elements. Define v € (*(Zy) by

v(k) = (—1)*u(l — k), keZy. (2.19)
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Then {Ropv} 5t U {Raowuk i’ is a first-stage wavelet basis for (2(Zy).
Proof. Using the definition of v and the substitution £ = 1 — n, we get

N-1

ﬁ(?n) = Z U(n)e"Zﬂ'imn;‘N

n=(0
N-1

Z )n I )e—‘Za'rimn/N

= e-Qmm./:\ a(m_i_ ﬁf)

Therefore,
O(m+ M) = —e 2"/NG(m).

Hence

[5(m)|? + [o(m + M)|? = |[a(m + M)|* + |@(m)]* = 2,

by Lemma 2.7. Thus condition (2.16) holds, and condition (2.15) holds by the
hypothesis on w.

Finally, @(m)o(m)+a(m-+M)o(m + M) = 0. Thus, condition (2.17) holds.
Therefore, by Theorem 2.9, {Rzkv}gi_gl U {ngu.}f:al is a first-stage wavelet basis
for (2(Zy). O

Suppose B = {Ropv} 0yt U {Ropu} ! is a first-stage wavelet basis. Since B
is orthonormal, the coordinates of z € (2(Zy) with respect to B are obtained by
taking inner products with the basis elements. Hence, using Lemma 3.2, we have
(2, Ropv) = (2 %0)(2k), {2, Ropu) = (2 % 4)(2k).

Therefore, ) )

zxv(0)

z % 0(2)

= 0007 (220)

2% 7(2)

2% (N —2)

Thus, the change of basis from the Euclidean basis to the wavelet basis can be
computed by two convolutions followed by retaining only the even-indexed entries.

This motivates the filter bank representation of the first-stage wavelet transform.

Definition 2.12 (Downsampling Operator). Suppose M € N and N = 2M.
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Define D : (2(Zy) — (2(Zyy) by setting for z € (*(Zy),
D(z)(n) = z(2n), n=0,1,...,.M - 1.

The operator D is called the downsampling or decimationoperator.
In other words, if = = (2(0),2(1),2(2),2(3),...,2(N — 1)), then
D(z) = (2(0),2(2),2(4),...,2(N — 2)).

The downsampling operator is often denoted by | 2 in filter bank diagrams.

z*9(0) . ’
Zwd z%0(2) z*v(0)
*U }2 + D(z*1)= : z=1(2)
-"r-v—z
L2 =D 0 -2 |
z ——— 1 zeae |
2 % ii(0) 246(2)
Z%U < zx0(2) :
* il V2 |+ DE*i)= . | z*u(N—2) |
| zei(N-2)

Figure 2.1: Analysis filter bank producing low-pass and high-pass components

Figure 2.1 illustrates a simple filter bank. In general, a filter bank consists of
a sequence of convolutions and sampling operations used to analyze and process
signals. The term filter refers to a convolution operator, since it can suppress or
remove certain frequency components of a signal. Filter banks provide an efficient
framework for computing wavelet coefficients and play an important role in signal

processing applications.
Definition 2.13 (Upsampling Operator). Suppose M € N and N = 2M. Define
[l fQ(ZM) — (5'2(2;\;) bi’}

z(n/2), n is even,

0, n s odd.

U(2)(n) =

The operator U is called the upsampling operator and is denoted by T 2 in filter
bank diagrams.

For example, if z = (2,5, —1,1), then U(2) = (2,0,5,0,—1,0,4,0).
Note that if we upsample and then downsample, we got back what we started
with,that is, D(U(z)) = z, for every 2 € £?(Zy,). However, in general,
U(D(z)) # =z, since the odd-indexed entries are replaced by zeros. Thus the

composition U o D has the effect of zeroing out all the odd-index values, and
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hence is not the identity. By comparing U o D with equation (2.9), we see that ,
1 i
U D)= §(z+z s (2.21)

To regain z from the output of the left filter bank in Figure 2.1, we follow up with

a right filter bank as shown in Figure 2.2. Here s,t € (?(Zy) are unknown filters.

i U(D(z*7 T U(D(z %))
o il D(z + ) +2 (D(z *1)) o
?
b4 é—#:l
i i UD(z*i S U(D(z % it)
» ZHil 2 D(z * i) e (D(z % 1)) o (D( )
analysis phase synthesis phase

Figure 2.2: Synthesis filter bank for perfect reconstruction of the signal.

The output of the upper branch of Figure 2.2 is £+ U (D(z #%)), and the output
of the lower branch is s U(D(z*)).Lemma 2.12 gives conditions under which the
sum of these outputs is always equal to the original signal z. When this happens,
the filter bank is said to have perfect reconstruction.The following lemma provides

necessary and sufficient conditions for perfect reconstruction.

Lemma 2.14. Suppose M € N, N =2M, and u,v,s,t € (*(Zy). For
n=0,1,...,N—1, let A(n) be the system matriz of u and v. Then Figure 2.2

has perfect reconstruction, that is,
txU(D(z%0)+3*xU(D(z*0) = 2

for all z € 1*(Zy), if and only if

A(n) F(”)] = [ﬁ]  om=0,1,....N-L1.
t(n) 0

In the case that A(n) is unitary, this simplifies to t(n) = 9(n), and 3(n) = a(n). If
A(n) is unitary for all n (equivalently, by Theorem 3.8, { Ropv iy U {Ropu}py!
is an orthonormal basis for (*(Zy)), thent =7 and s = .

Proof. By equation (2.21),

UD(z %)) = 5 (2 xT + (2% 0)").

e
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and similarly with v replaced by u. Hence

mﬁ@?amn:%@mﬁmmﬁm+mﬁan+Mn,
and similarly for u. Therefore,
(F+U(D(z ) + 3+ U(D(z * @))) (n)
=%(amam)+§ugannznn (2.22)

+ 5 (n)o(n+ M) + S(n)ii(n + M) 2+ M),

By Fourier inversion, perfect reconstruction holds if and only if this expression
in equation (2.22) is equal to Z(n) for every z and every n.We claim this holds if

and only if

S(n)a(n) + Hn)o(n) = 2 (2.23)
and
S(n)a(n + M) +t(n)o(n+ M) = 0. (2.24)

Dividing by v/2 and writing these two equations in matrix form gives

g 2
Am) [2] = V2],
t(n) 0
If A(n) is unitary, then A(n)~! = A(n)*, and solving the above matrix equation

gives 5(n) = @(n) and #(n) = B(n). If A(n) is unitary for all n, then by Fourier
inversion and relation(2.2), s =% and t = . O

Theorem 2.14 shows how a signal can be reconstructed from its wavelet coef-
ficients using the synthesis filter bank in Figure 2.2. When u and v generate a
first-stage wavelet basis, we take s = u and t = ¥, so that reconstruction requires
only two additional convolutions and can therefore be computed efficiently.

The First-Stage Shannon Basis illustrates how a wavelet basis can separate
the low-frequency and high-frequency components of a signal. In particular, the
generator u acts as a low-pass filter, while v acts as a high-pass filter, providing a
useful degree of frequency localization.

Next, we iterate this type of decomposition to obtain bases that capture in-
formation at different scales. This iterative procedure leads to the construction of

wavelet bases and forms the subject of the next chapter.



Chapter 3

CONSTRUCTION OF
WAVELETS ON Z,: THE
ITERATION STEP

3.1 Motivation for Iteration
So far, we have constructed first-stage wavelet bases of the form
{Ruv}els ™ U{Ryubels ™,

for (*(Zy). By Theorem 2.9, suitable conditions on @ and ¥ guarantee that this
collection forms an orthonormal basis.

The First-Stage Shannon Basis demonstrates that the generators u and v can
be chosen so that u contains mainly low-frequency components, while v contains
mainly high-frequency components. Thus first-stage wavelet bases provide a de-
gree of frequency localization. They also possess spatial localization and admit
fast computation through filter bank algorithms.

The filter bank structure naturally suggests an iterative procedure. After de-
composing a signal into low-frequency and high-frequency components, the same
process can be applied again to the low-frequency part. By repeating this de-
composition, we obtain a multiscale representation of the signal while preserving
perfect reconstruction.

In standard wavelet analysis, the iteration is performed only on the branch
corresponding to the low-pass filter. This iterative process leads to higher-stage

wavelet bases, which are studied in this chapter.
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3.2 The Iteration Step

To describe the iteration process, consider the filter bank diagram in Figure 16.
Let u; and vy generate a first-stage wavelet basis, so that the corresponding system
matrix A(n) is unitary for all n. By Lemma 2.14, perfect reconstruction is obtained
by using the synthesis filters u; and v,.

Let z € £2(Zy), where N is divisible by 4. The first-stage analysis produces the
vectors D(z*v;) and D(z*u;). The vector D(z+v;) is regarded as containing
the high-frequency information and is left unchanged. The vector D(z %, ), which
contains the low-frequency information, is decomposed further using filters us, vo €
€2(ZN/2) whose system matrix is unitary.Passing D(z % @) through the filters v
and s, followed by downsampling, produces the vectors D(D(z * @) * ¥y) and
D(D(z#u, )*usz).Hence, the output of the second-stage analysis consists of D(z*v, ),
D(D(z % uy) *U2), and D(D(z * uy) * usz), as illustrated in Figure 3.1.

Dz W)
D(D(z # ) » 2)

B

analysis phase synthesis phase

Figure 3.1: Second-stage wavelet decomposition obtained by further decomposing
the low-frequency branch.

For the synthesis, or reconstruction, phase, two additional branches are in-
troduced corresponding to the new branches in the second-stage analysis. Each
branch consists of an upsampling operator followed by convolution with the filters
vy and usg, respectively. The outputs of these branches are then added.

By Lemma 2.14, the second-stage filter bank satisfies the perfect reconstruction
property. Consequently, the overall effect of the second-stage decomposition and
reconstruction is the identity. Combined with the perfect reconstruction property
of the first-stage filter bank, the entire system reconstructs the original signal
exactly.

If N is divisible by 2P, this procedure can be repeated up to p times. At
each stage, only the lowest branch is further decomposed using filters u, and v,
satisfying the conditions of Theorem 2.9. Figure 3.2 illustrates the process at the

third stage.
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Z —» 12] B:
u 62 Uz
i - uz
2 Uy V3
i3 u3
analysis phase synthesis phase

Figure 3.2: Three-stage wavelet filter bank illustrating iterative decomposition

and reconstruction.

We now formalize this iterative procedure.

Definition 3.1. Suppose N is divisible by 2F. A p-stage wavelet filter sequence is

a sequence of vectors Ui, vy, Uz, Va, . .., Up, Vp such that for each £ =1,2,...

Uy, Vg € fg(z..\-'fzf—l)
and the system matriz

Ag(n) = 1 ug(n) Ue(n)

is unitary for alln =0,1,..., (%) — 1.
Analysis Phase
For an input 2 € (*(Zy), define
Ty = D(z *i‘,"]) = EQ (ZN/‘Z) ;

and
y1 = D(2x1) € (Znp) .

For { = 2,...,p, define recursively
Ty = D(ygl * ‘T}g) € 52 (ZN;'Q-‘") 4

and

Yo = D(yp—1 * ) € & (ZNXQ") :

V2 |t(n+Y) G(n+ )

Py

(3.1)

(3.2)

(3.3)
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A1

-1 Xe—1
X = nyg_] * I}()
w iy 42 Xt
Y1 alipyy 42 Xe4
yr = D(ye—1 % lir)
* iy $2 -
#ilgq) 12 Y+

Figure 3.3: Analysis phase of a p-stage wavelet filter bank.

Note that y;,y2,...,y,—1 do not appear in the final output. The output of the
analysis phase is {1, 2, ..., Ty, Yy}
The total number of coeflicients is

N+N+ +N+N v
—_— s . ow . —_— —_ Y,
2 + r 2r

Reconstruction Phase

The reconstruction begins with x, and y,. By the perfect reconstruction property,

(U(yy)) *up + (U(zp)) * vp = yp1.

Repeating this process successively yields y,_2,yp-3,...,y1, and finally

z=(U(y1)) * w1 + (U(z1)) * v1.

X
Xp-1 i Xp-2
Xp-i e 12 *Up gl .
U =
% ) - (U(xp)) * vp & Yp2
% Bl 142 ity
(U *y
Y t2 oy | LD

Figure 3.4: Reconstruction phase of a p-stage wavelet filter bank.

The recursive filter bank procedure can be implemented efficiently using convo-
lutions and the Fast Fourier Transform (FFT). Although this recursive description
is useful for computation, it does not directly explain how wavelet filter sequences

are related to orthonormal bases of (2(Zy).
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To obtain a clearer theoretical understanding, we introduce an equivalent non-
recursive description of the filter bank structure. This reformulation leads natu-

rally to the construction of orthonormal wavelet bases.

3.3 Nonrecursive Description of the Filter Bank

Lemma 3.2. Suppose N is even, say N = 2M, z € (*(Zy), and z,y,w €
€2(ZN/2)- Then

D(z) *w = D(z = U(w)), (3.6)

and

Uz)*Uly) =U(z *y). (3.7)
Proof. To prove (3.6), note that w(m) = U(w)(2m) for each m. Hence,

(N/2)-1

D(z) xw(n) = Z D(z)(n —m)w(m)

m=(0
(V/2)—1

= Z 2(2n — 2m)U(w)(2m)

m=>0

(N-1)

- Z 2(2n — k)U(w)(k)

k=0
=zxU(w)(2n)
= D(z % U(w))(n),
since U(w)(k) = 0 whenever £ is odd.

To prove (3.7), observe that U(y)(m) =0 if m is odd,
and U(y)(m) = y(m/2) if m is even. Thus,
(N/2)-1
Ux)*Uy)(n) = > Ulx)(n - 2k)y(k).

k=0

If n is odd, then n — 2k is odd for every k, so U(z)(n — 2k) = 0. Hence,

Uz) * Uy)(n) = 0= Uz xy)(n).
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If n is even, say n = 2¢, then U(x)(n — 2k) = U(x)(2¢ — 2k) = z(¢ — k).

(N/2)-1
Ux) xUl)(n) = S a(t = ky(k) = 2 xy(0) = (U(z % y))(n).

Thus

]

Notation: For £ > 1, let Df denote the (-fold composition of the downsampling
operator D with itself. Thus D' = D, and D¢ = Do D1, ¢ > 1.

Similarly, let U* denote the ¢-fold composition of the upsampling operator U,
thatis, U'=U,and Ut = U o U1, ¢ > 1.
Then, D : (Zy) — ﬁQ(waz) is given by, D(z)(n) = z(2'n),
whereas, U : ((ZY,,) = *(Zy) is given by

w(n/2%), if 2¢|n,
U(w)(n) =
0, if 2¢4 n.

Corollary 3.3. Suppose N is divisible by 2°, z,y, w € !.}2(ZN/2£), and z € (*(Zy).
Then

Df(z) »w = DYz + U(w)), (3.8)
and
U'(z xy) = U'(z) » U'(y). (3.9)

Proof. The result follows by induction on £. For £ = 1, the two identities are
exactly Lemma 3.7.

Assume the identities hold for £—1. Then, using Lemma 3.18 and the induction
hypothesis, D*(2) *w = D(D*7(2)) *w = D (D*"!(2) * U(w)). By the induction
hypothesis, D*~1(z) « U(w) = D" (2 * U*(w)). Hence

D(2) xw = D* (2 x U'(w)).
Similarly, using Lemma 3.7 and the induction hypothesis,

Uz *xy)=U (Ug_l(:z: * y)) =17 (Uf_l(:r:) * Uf_l(-y)) )
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Applying Lemma 3.7 gives, U¢(z x y) = U’(x) * U*(y). Thus both identities hold
for all £. O

We now introduce a nonrecursive notation that is equivalent to the recursive
notation of Definition 3.1.

Definition 3.4. Suppose N is divisible by 2P. Letuy, vy, us, v, . .., up, v, be vectors
such that ue,ve € (*(Zyjge-1) for €=1,2,...,p.
Define fi = vi, and g = wy. Define recursively fo, g0 € (*(Zy) for ¢ =
2,3,...,p, by
fo=ge—1 x U (), (3.10)

and

ge = Gp—1 * Uﬂ_l(w). (3.11)
The first few terms are
fo=uy * U(vg), g2 = uy * Ulug),
and
f3 = Uy * {)r(?i',g) * [12(?_!3)? g3 = Uy * U('U,g) * {.;2(?1',3).

In general,
fe=1u1 % U(ug) % U*(ug) % -+ - % U™ (up—y) * Ue_l(“t’f)w (3.12)

and
ge = ug * U(ug) * U (ug) % - -« U2 (up_y) * U (ue). (3.13)

Note that all convolutions involve the filters u;, except for the final factor in
fe, which involves wy.
fo =01 x U (), (3.14)

and

e = go—1 % U (y). (3.15)

The next lemma allows us to describe the output of the analysis phase of a p-stage
recursive wavelet filter bank as a collection of single (nonrecursive) convolutions.

It also provides a similar description of the reconstruction phase.

Lemma 3.5. Suppose N is divisible by 27, = € (*(Zy), and uy, vy, . . . , Uy, v, satisfy
g, Vg € EZ(Zszr—l) foreach £ =1,2,::.; p. Define £y, %0, ... 8 and g, U o Up

} H ’

by (3.2)-(3.5), and define fi, fo,..., [, and g1, G, ..., g, as in Definition 3.4.
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Then o 6= 1,9} .. o8,
ze= D'z = f,), (3.16)

and
ye =Dz % Gu). (3.17)
Proof. We prove equation(3.16) and (3.17) simultaneously by induction on £.
For ¢ = 1, the results follow directly from equation (3.2)and (3.3) , and the
definitions f; = v; and ¢, = u,.
Assume that equation(3.16) and (3.17) hold for £ —1. Using equation(3.4), the

induction hypothesis and equation(3.8), we obtain

Ty = D(ype—1 * )
= D(D" (2 % Ge—1) * V)
= Dg(z * Gp_1 * U“"'l("ﬁg))
= Df(z* ﬁ:),

by equation(3.14).
Similarly, using equation(3.5),

Ye = D(yp—1 * i)
= D(Dg‘l(z * Go—1) * 'ﬁe)
— D! s U @)
= Df(z * Ge),

by equation(3.15).
Hence equation(3.16) and (3.17) hold for all { = 1,2, ..., p. O

Lemma 3.6. Suppose N is divisible by 2P. Consider a p-stage filter bank sequence
Uty V1, ..o Up, Uy as in Definition 3.1 (except that we do not require the system
matriz in equation(3.1) to be unitary for this result). Define fi,..., fp, gy as in
Definition 3.4. If the input to the (th branch (1 < ¢ < p) of the reconstruction
phase (i.e., the branch for which the next operation is convolution with v,) is x,

and all other inputs are zero, then the output of the reconstruction phase is
fex U(ze).

If the input to the final branch (for which the next operation is convolution
with uy,) is yp, and all other inputs are zero, then the output of the reconstruction

phase 1s

Gp * Up(?)'p)-
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Thus the full recursive pth-stage wavelet filter sequence can be represented by

the nonrecursive structure shown in Figure 3.5.

S :-" f tU(x )
‘j': . l 2 i ;x h'] 1 2 .fl I : .
= D‘z 2 f U3(x
o, 14 i '(—.f‘) — t4 +f gty
———1 " =Dz 2] T v?
5! o [HoZEB ol g [

Z — . ’ i ) 2
| =Dz *f, = fer Ut(xe) 1
o Y (z+f) IL”,J,___ W — 3

1 -

- Dz, fp» UP(xp)
7 | 1 Xp (z+fp) “gp i |
e (i | i
= DP(z s * UP(Y
— P B AL PP i (e
analysis phase synthesis phase
Figure 3.5:

Recall that the output of the analysis phase of the filter bank is the collection

of vectors 1, Za,. .., Zp, Yp. By Lemma 3.5, for each £ =1,2,...,p,
ze(k) = D'(z % JO) (k) = 2 fo(2'F) = (2, Rafo), (3.18)

B =1y o [INEH) — 1.
Similarly,

yo(k) = DP(2 % o) (k) = 2 % Gp(2°K) = (2, Rarig). (3.19)

fork=0,1,...,(N/2P)—1. Since the total number of components of z1, 22, . . ., Zp, Yp
is NV, these quantities are natural candidates for the coefficients of z with respect
to an orthonormal basis. This observation leads to the construction of wavelet

bases. which is developed in the next section.
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3.4 Construction of Wavelet Bases

Definition 3.7. Suppose N is divisible by 2P, where p is a positive integer. Let B
be a set of the form

Jorsome fui;lforee oo Jouln € Fz(Z ). If B forms an orthonormal basis for FZ(ZM)
then B is called a p-stage wavelet basis for (*(Zy). The vectors fi, fa, ..., [ps 9p

are said to generate B.

Our goal is to show that the vectors fi, fa,..., fp, gy obtained from Defini-
tions 3.1 and 3.4 generate a p-stage wavelet basis. The key step is contained in

the following lemma.

Lemma 3.8. Suppose N is divisible by 2°, g1 € V*(Zy), and the set

{Rzr 10— 1});:_3 (320)

is orthonormal with N/2°=' elements.
Suppose ug, v € (*(Lyjoe—1) and the system matriz Ag(n) in (3.1) is unitary
forn= 0,1, ... ,(N/2% - 1.
Define
fo= g1 x U (vy), ge = ge—1 * U (w).

Then
 ; e
{Roerfe}il A 21y {Rotrge} il /J ' (3.21)

is an orthonormal set with N/2=' elements.

Proof. Since the system matrix Ag(n) is unitary, Theorem 32.9 implies that

il _ rial . -
{ngve}gé " U {Ropue}n/ " is an orthonormal basis for (*(Zype-1). Hence

B 1, k=0,
(v * Ty)(2k) = (3.22)
0; k=01 (N2 —1
_ 1, k=0,
(ug * ) (2k) = (3.23)
0, k=0,1,...,(N/2) —1

and

(v ) (28) =
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Using the definitions

fo=ge1* U (v), g0 = ge—1 * U (wy),

together with equations (3.9), equation(3.12), and the orthonormality of { Roe-1.g¢-1},

one obtains

(fo, Rotrfe) = (vg » V) (2K),
(9e: Roriege) = (ue * ) (2K),

and
(fe, Rotkge) = (ve * ) (2K).

riof_ £y
Therefore { Ry fo g{f band {Rye yg}g’f =1 are orthonormal sets and are mu-

tually orthogonal. Hence, the set (3.21) is orthonormal. O

Lemma 3.8 shows that a subspace generated by translates of a vector can be
decomposed into two orthogonal subspaces, each generated by translates of new
vectors. This result generalizes Theorem 3.8, where the original subspace is the
whole space (*(Zy).

The importance of Lemma 3.8 is that this decomposition can be applied re-
peatedly. By iterating the splitting process, we obtain the multilevel structure
underlying wavelet bases. To describe this construction, the following terminol-

ogy 1s convenient.

Definition 3.9. Suppose X is an inner product space and U and V' are subspaces
of X. IfU LV, that s, (u,v) =0 for allu € U and v € V, define

UdV={u+tv: uel veV} (3.24)

The space U &V is called the orthogonal direct sum of U and V. In particular,
the statement U &V = X means that U and V' are subspaces of X, U LV, and

every x € X can be written in the form x = u+v for someu € U and v € V.

Lemma 3.10. Suppose N is divisible by 2°, gi_y € (*(Zy), and the set

af—1y_
{Rp-ngidg T

is orthonormal and has N/2=' elements. Suppose ug, vy € 0*(Zyjoe-1) and the

system matriz Ag(n) in equation(3.1) is unitary forn = 0,1,...,(N/2%)—1. Define

Je=ge—1 x U™ (uy), ge = go—1 * U (wy).
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Define the spaces

. 0e—1)_
V_pi1 = span{ Rot-1,9¢-1 }g{f - (3.25)
W_y = span{ Ry, fo g’é?g)_], (3.26)
and
At

V= span{ﬁ’gekgg}g{f e (3.27)

Then
Ve ®W_p = V_py1. (3.28)

rint__ ol
Proof. By Lemma 3.8, the sets {Rgs»kgg},‘?i f] ' and {Rg?k.f}g}i\z ﬁ ! are orthog-
onal. Hence V_, 1. W_,. Using the definitions of f; and g;, one obtains

N{QF_I ¥

Rotpge = Z ug(j) Ror-1(j 1ok Ge—1, (3.29)

=0

and
Nj2i=1-1

Roep fr = Z ve(J) Boe-1(jrom)Ge—1- (3.30)

J=0
Therefore every basis vector of V_, and W_; is a linear combination of basis
vectors of V_,.1. Hence V_; C V_p4,4, W_, € V_4.y. Since both V_; and W_,
have dimension N/2¢, the orthogonal direct sum V_, & W_, has dimension N/2!,

which is the dimension of V_,;. Consequently, V_, & W_p = V_, ;. O

The spaces V_; are indexed by negative integers so that V_, C V_, 1, which
reflects the nested structure of the wavelet decomposition. This notation is also
consistent with the terminology used later for wavelets on R.

Lemma 3.10 provides the key step in proving that the output of the analysis
phase of a p-stage wavelet filter bank yields the coefficients of the input signal

with respect to a p-stage wavelet basis.

Theorem 3.11. Suppose N is dwisible by 27, and uy, vy, tup, Va, ..., Up,Vp 5 @
p-stage wavelet filter sequence. Define fi, fa,.... fp.01,92,-..,9p as in Defini-
tion 3.4. Then fi, fo, ..., [p. gp generate a p-stage wavelet basis for (*(Zy).

Proof. It is enough to prove that the set in Definition 3.7 is orthonormal, since
it has N elements. Since f; = v; and ¢ = wu;, Theorem 2.9 implies that
{Rarfr A\LZ;} U {nggl}f:z_ 3—1 is orthonormal.

By induction and Lemma 3.8, the set { Ryej fg}QZ ﬁf_l is orthonormal for each
= 1,2... P, and {Rgp;cgp};?zgp_l is also orthonormal. It remains to prove or-
thogonality between elements belonging to different subsets. Let m < ¢. By
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Lemma 3.10.
RQEkff € 1/1/'—-!? g me-.‘-'l g C Lr-mu

and Romjfn € W_p,. Since V_,,, L W_,,, it follows that Ry fe L Romjfrm. Simi-
larly, for any £ < p, Rorrgp € V_p € V_y and Rye; fe € W_,. Again, Lemma 3.10
gives V_, L W_,, so these vectors are orthogonal. Thus the set in Definition 3.7
is an orthonormal set.. Since the set has /N elements, it is an orthonormal basis
for (2(Zy). O

Figure 3.6 illustrates the subspace decomposition described in Lemma 3.10.
Starting with ¢*(Zy), the space is decomposed into orthogonal subspaces V_; &
W_i. The subspace V_; is then further decomposed into V_o & W_5, and the
process continues recursively. At each stage the detail space W_; is retained,
while the approximation space V_; is further decomposed. At the final stage, both

V_, and W_, are retained.

s eSS e/

Figure 3.6:

E(Zvy)

By equations(3.18) and (3.19), the output of the analysis phase of the p-stage
wavelet filter bank consists of the coeflicients of the input signal with respect to the
p-stage wavelet basis constructed in Theorem 3.11. Consequently, wavelet coeffi-
cients can be computed efficiently using the filter bank algorithm. For comparison

with later developments, we introduce the following notation.

Definition 3.12. Suppose N is divisible by 2P. Let uy,vq,. .., up, vy be a p-stage
wavelet filter sequence, and let fi,q1..... fp, gp be defined as in Definition 3.4. For

j=1,2,...,pandk=0,1,...,(N/2) -1,
define
V_jk = Rair [}, (3.31)
and
¢—jk = Rairg;- (3.32)

Thus the p-stage wavelet basis generated by fi, fa, ..., fp, gp has the form

N N (N N
[ U g e TR T U e T (3.33)
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The elements of this orthonormal basis are called wavelets on Zy

V_; = span{d_;i}rlp e (3.34)
W_; = bpaJn{t,_Jk}WZJ > (3.35)

The vectors ¢_;r and ¢_; are called wavelets on Zy.

Recipe 3.13

Suppose 27 | N. Let uy,v1,..., Uy, v be a p-stage wavelet filter sequence (Def-
inition 3.1). Define fi, fo,..., fp,91,92,...,9, as in Definition 3.4, and define
Y_jr and ¢_;x by equations (3.31) and (3.32). Then the set

N/A-1

{1.'{”'—1.*6}2 0 U{‘P 2k Yo U{W—pk}ﬁﬁp 1

U{d-pitelo

is a p-stage wavelet basis for /?(Zy).

Recipe 3.13 shows that a p-stage wavelet filter sequence generates a wavelet basis
for ((Zy). The corresponding filter bank decomposition provides an efficient
method for computing the wavelet coefficients of a signal and for reconstructing
the original signal from these coefficients. The ability of wavelet bases to represent
signals efficiently makes them useful in a variety of applications. In the next

chapter, we discuss their application to image compression.



Chapter 4

WAVELETS AND IMAGE
COMPRESSION

4.1 Image Compression

One of the most important applications of wavelets is image compression. In
digital imaging, a picture is represented as a collection of small squares called
pixels. Each pixel is assigned a numerical value corresponding to its brightness or
gray-scale level. Thus, an image can be viewed as a large matrix of numbers or,
equivalently, as a vector in a high-dimensional space.

For example, an image consisting of 200 x 250 pixels contains 50,000 pixel
values. Storing and transmitting such a large amount of data requires significant
memory and bandwidth. Therefore, efficient compression techniques are essential.

Wavelet bases provide an effective method for image compression. When an
image is expanded with respect to a wavelet basis, much of the important infor-
mation is concentrated in a relatively small number of coefficients, while many
coefficients are very small. These small coefficients can be discarded with little
loss of visual quality. The image can then be reconstructed from the remaining
coefficients, resulting in a compressed representation.

Compared with Fourier methods, wavelets possess both spatial and frequency
localization. This allows them to represent edges and local features of images
more efficiently, making wavelets a powerful tool in modern image compression

techniques.

4.2 Wavelets versus Fourier Compression

Wavelet-based image compression often produces better visual results than Fourier-

based compression when the same number of coefficients is retained.
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Figure 4.1: Comparison of wavelet and Fourier image compression.

Figure 4.1 compares image compression using wavelet and Fourier bases. When
only a small percentage of the largest wavelet coefficients are retained, important
image features such as edges and boundaries remain relatively sharp. In contrast,
Fourier compression may introduce oscillatory artifacts near sharp transitions,
resulting in a blurrier reconstruction.

The main reason for this difference is localization. Fourier basis functions ex-
tend over the entire image and therefore do not represent local features efficiently.
Wavelet basis functions, on the other hand, are localized in both space and fre-
quency, allowing them to capture edges and fine details with fewer coefficients.
Consequently, wavelet compression generally preserves local image features more
effectively than Fourier compression.

The upper-left image is the original uncompressed picture. The upper-right
image is obtained by retaining the largest 10% of the wavelet coefficients, while
the lower-left image retains only 5% of the wavelet coefficients. The lower-right
image shows the result of retaining the largest 10% of the Fourier coefficients.

The wavelet-compressed images preserve important local features, such as
edges and boundaries, even when only a small number of coefficients is retained.
In contrast, the Fourier-compressed image appears blurrier and exhibits oscilla-

tory artifacts near sharp transitions. This occurs because Fourier basis functions
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are spread over the entire image and are not spatially localized.

Wavelets possess both spatial and frequency localization. As a result, local
image features affect only a small number of wavelet coefficients, allowing the
image to be represented efficiently using fewer coefficients. This makes wavelets

particularly effective for image compression and signal representation.

4.3 Wavelets and Image Compression

Wavelets have become an important tool in image compression because they pro-
vide both spatial and frequency localization. Unlike Fourier-based methods, which
represent an image using basis functions spread over the entire image, wavelets
represent local features such as edges and textures more efficiently.

Traditional JPEG compression divides an image into small blocks and applies
a discrete cosine transform to each block. At high compression ratios, this may
produce visible block artifacts near the boundaries of the blocks. Wavelet-based
compression avoids this problem by using a multiscale representation of the image,
resulting in smoother reconstructions and better preservation of image details.

Experimental comparisons show that wavelet compression often produces higher
visual quality than JPEG compression at large compression ratios. Consequently,
wavelets have become an important tool in modern image processing and data

compression.

4.4 Comparison with JPEG Compression

Figure 4.2 compares JPEG and wavelet-based image compression. Figure 36(a)
shows the original image. Figures 36(b) and 36(c) show JPEG compression at
ratios of approximately 10 : 1 and 40 : 1, respectively, while Figure 36(d) shows
JPEG compression at a ratio of about 103 : 1. Figures 36(e) and 36(f) show
wavelet-based compression at compression ratios comparable to those of Fig-
ures 36(c) and 36(d).

At moderate compression ratios, both JPEG and wavelet methods produce
acceptable image quality. However, as the compression ratio increases, JPEG
compression introduces noticeable visual distortions and blocking artifacts. In
contrast, the wavelet-based method preserves image details more effectively and
produces a smoother reconstruction.

The superior performance of wavelet compression is a consequence of the mul-
tiscale structure of wavelet bases. Since wavelets are localized in both space and

frequency, important image features can be represented using relatively few coef-
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ficients. As a result, wavelet methods generally provide better image quality at

high compression ratios than traditional JPEG compression.

(©) (4

Figure 4.2: Comparison of JPEG and wavelet-based image compression. (a) Orig-
inal image. (b) JPEG compression at approximately 10:1. (¢) JPEG compres-
sion at approximately 40:1. (d) JPEG compression at approximately 103:1. (e)
Wavelet compression at a ratio comparable to (c). (f) Wavelet compression at a
ratio comparable to (d).

Figure 4.2 illustrates that wavelet-based compression generally produces better

visual quality than JPEG compression at high compression ratios. This advantage
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arises from the multiscale and localized nature of wavelet representations, which
allow important image features to be preserved using relatively few coefficients.
Besides image compression, wavelets have numerous applications in science
and engineering. They are used in signal processing, audio compression, medical
imaging, fingerprint recognition, seismic data analysis, and wireless communica-
tions. Recent advances in artificial intelligence and machine learning have also
created new applications for wavelet-based techniques in image analysis, feature
extraction, and pattern recognition. These diverse applications demonstrate the
effectiveness of wavelets as a powerful tool for the analysis, representation, and

processing of complex data.
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Conclusion

Wavelets on Zy provide a powerful framework for the analysis and representa-
tion of discrete signals. By combining ideas from linear algebra, discrete Fourier
analysis, and filter bank theory, it is possible to construct orthonormal bases that
capture both frequency and spatial information efficiently.

The iterative filter bank approach leads naturally to multistage wavelet filter
sequences and multiscale signal representations. Through the decomposition of
orthogonal subspaces, these filter sequences generate orthonormal wavelet bases
for (*(Zy), providing an effective means of representing discrete data.

The practical significance of wavelets was illustrated through image compres-
sion. Comparisons with Fourier and JPEG-based compression methods show that
wavelets preserve important image features more effectively due to their localiza-
tion properties. Consequently, wavelets provide both efficient computation and
high-quality signal representation.

Thus, wavelets on Zy combine a strong mathematical foundation with impor-
tant practical applications, making them a valuable tool in modern signal and

image processing.
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